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Abstract

This short paper offers an example of possibly fruitful interactions between modal logic and number
theory. In the paper, Conway's remark that p and p - 2P + 1 can both be prime numbers is formulated as a
formula of modal logic and then analyzed for its decidability.
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1 Introduction

The importance of the applications of modal logic to mathematics and computer science is difficult to
overestimate. Provability logic is the only one example of such applications [1].

It is so because modal logic is a valuable tool in clarifying our understanding of central results concerning
provability in the foundations of mathematics. For example, using code numbers for arithmetic sentences,
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Godel was able to demonstrate a correspondence between sentences of mathematics and facts about which
sentences are and are not provable in Peano's system for arithmetic.

However, by some reason, modal logic (or provability logic) has been never tried in number theory.
Meanwhile, the use of modal logic would allow testing the decidability of unsolved problems in number
theory; in particular, it might allow answering the important question whether a modal logic formula of a

given problem is a theorem or not.

So, this short paper offers an example of possibly fruitful interactions between modal logic and number
theory.

2 Fermat’s Last Theorem

Let us first consider the situation with the last theorem of Fermat before 1994. In the terms of propositional
calculus, this theorem can be presented as the negation.

“A=Wnxy,zeN|z" #x"+y" Vv n<2) (1)
of the following proposition A

A=@nx,y,zeN|z"=x"+y" An>2) . 2)
As the negation (1) contains the universal quantification V, in order to prove (1) a witness for =A(K) must
be provided when any allowed input K = (n,x,v,z) € N is given. But, despite the fact that there exist
proofs of =4 for specific subsets of conditions (e.g., n = 3,4,5), given an infinite amount of inputs K, the
general proof of =4 would be impossible to achieve from the constructivist point of view.
So, instead, one may try to prove the proposition A itself. Since this proposition contains the existential
quantification 3, the proof of A(K) must provide K and a witness for A(K). However, it is clear that the
proposition 4 is possibly false. In terms of modal logic, this can be written as the formula

0AK) =L, 3
which assigns the truth value “false”, L, to the proposition “it is possible that A(K)”. Mathematically, this
modal formula corresponds to the impossibility of certain Diophantine equations and systems of equations
(see, for example [2]).
Using the modal operator of necessity 0 and the analogy of de Morgan's laws [3,4].

=0 AK) © o-4AK) , @
One can write the negation of the assumption (3) as the following propositional expression

0-AK) =T . %)
Next, making use of the characteristic axiom of modal logic

0-4(K) = —A(K) (©6)

that reads “if =A(K) is necessary, then =A(K) is the case”, one can get

—AK) =T . (7
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This propositional formula means that the negation =A(K) is a logical truth for any allowable input
K =(nx,v,2) €N.

Consider the predicate of this formula, P(K):
P(K)=("#x"+y") Vv (n<2)) . ®)

Since —A(K) is a logical truth, the logical value of P(K) must be T for any n and X, y, z. On the other hand,
the expression

(n>2)v (n<2) 9)

must be a logical truth too. Comparing two expressions (8) and (9) one can assert the following statement of
equivalency

Z"#x"+y") © (n>2) (10)
that means two logical implications: the implication (z" # x™ + y™) = (n > 2) (equivalent to the phrase
“if z™ = x™ + y™ has no non-trivial solutions then n > 2”) and the implication (n > 2) = (z" # x™ +y™)
(equivalent to the phrase “if n > 2 then the equation z" = x™ + y™ has no non-trivial solutions”).

The assertion ¢ A(K) =1 does not contain a logical contradiction. This upholds the idea that there might

exist a general proof witnessing the truth of the negation (1). And indeed, in 1994 such proof was finally
found [5].

3 Cullen Numbers

As it is known, the Cullen numbers C(n)

Cn)=n-2"+1 (11)
are all composite for n € [2; 1000], except for n = 141. Furthermore, even for larger n the Cullen numbers
C(n) are very likely to be composite since Fermat's (little) theorem tells us that (p — 1) - 2P71 + 1 and
(p — 2) - 2P72 + 1 are both divisible by p € P (see details in [6]).

Besides, as John Conway observes [6,7], the Cullen numbers C(n) are divisible by 2n — 1 if that is a prime

of shape 8k + 3. He asks if p and p- 2P + 1 can both be prime; for brevity we will call this question

“Conway’s supposition”.

In terms of propositional formulae, Conway’s supposition can be written as follows:
Am)=3EneN|neP A n-2"+1)eP) , (12)

where [P denotes the set of all prime numbers.

Let us analyze the decidability of Conway’s supposition; for that, we will present this supposition as a modal
formula

0AM) =T (13)
asserting that Conway’s supposition is possibly true. From (13) it follows that

-A(n) =L , (14)
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where the negation —A(n) is defined as

“An)=(VneN|n¢gPVv n-2"+1)¢P) . (15)
For the negation =A(n) being always false it is necessary that the predicate P(n) must be always false, i.e.,

megPvm-2"+1)¢P) =1L . (16)
Thus, the following expression must be true for any prime number p

(p-2?+1D)eP)=T . (17)

However, it is easy to show that the assertion (17) cannot be correct for any arbitrary p: For example, if
p = 3, one gets (322 + 1) = 25 & P. Thus, the hypothesis ¢ A(n) = T does not hold.

Therefore, let us consider the alternative hypothesis, namely: Conway’s supposition is possibly false, that is
0Am) =L . (18)
If Eq. 18 holds then the predicate P(n) must be always true, i.e.,
mgP) v (n-2"+1)¢gP)=T . (19)

Comparing this expression with the logically truthful assertion (n € P) Vv (n € P) immediately gives the
following statement of equivalency

(n-2"+1)eP)e (neP) . (20)

The proposition (n € P) can be replaced by (n = p), consequently, the alternative hypothesis ¢ A(n) =L is
logically equivalent to

m=peo(@n2"+1)eP) . 21

It is easy to see that Eq. 21 leads to the contradiction: Let n be equal to 141, then (n = p) is the true
proposition, but at the same time ((141 - 214* + 1) & P) is not. For this reason, the hypothesis ¢ A(n) =L
causes a logical contradiction.

But then the hypothesis ¢ A(n) is undecidable: it is nether true nor false. This means that Conway’s
supposition cannot be a theorem. i.e., it cannot be proven or disproven analytically or with an algorithm.

4 Conclusion

Unlike the case of the Fermat’s last theorem, in which one can get a general proof witnessing the false of the
proposition ¢ A(K), the logical structure of Conway’s supposition does not admit a general proof of its truth.

This leaves us only with brute-force methods to search for possible Cullen numbers satisfying Conway’s
supposition.
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