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Abstract

Let fs(z,y,2) be a symmetric homogeneous polynomial of degree six. Based on cancelling the
high coefficient of fs(x,y, z), we give some practical sufficient conditions to have fs(z,y,z) > 0
for any nonnegative real variables x, y, 2. Some applications are given in order to emphasize the
effectiveness of the proposed method.
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1 Introduction
A symmetric and homogeneous polynomial of degree six can be written as follows:
folm,y,2) =A1 > 2’ + A2y ay(a’ +yh) + Az Y 2"y (@” + 7)) + Au ) 2y
+ Asxyz Z z° + Agzyz Z zy(x +y) + 3A77%y% 2%, (1.1)
where A4, ..., A7 are real coefficients, and }_ denotes a cyclic sum over z, y, z. In terms of
p=x+y+2z, g=xy+yz+zr, r=2Yz,
it can be rewritten in the form

fo(z,y,2) = Ar® + g1(p, @) + g2(p, ), (1.2)

*Corresponding author: E-mail: vcirtoaje@upg-ploiesti.ro


www.sciencedomain.org

British Journal of Mathematics and Computer Science 4(5), 685-703, 2014

where

91(p,q) = Bp® + Cpq,  g2(p,q) = Dp® + Ep'q+ Fp’* + G¢°,
A,B,C,D, E, F,G being real constants. Throughout this paper, as in [1] and [2], we call the constant
A the highest coefficient of fs(z,y, z). Since the highest coefficients of the polynomials

Soab >yt +yh), D@+, D% ayzd 2t ayz) ay(e+y)
are, respectively,
3, =3, =3, 3, 3, =3,
the highest coefficient of fs(x,y, z) is
A=3(A1— Az — As+ Ay + As — A + A7).

Any inequality feé(z,y, z) > 0 which holds for all nonnegative real numbers z, y, z can be proved
by using the following two theorems in [2], which give necessary and sufficient conditions to have
fo(z,y,2) > 0forall z,y,z > 0.

Theorem 1.1. Let fs(z,y, z) be a symmetric homogeneous polynomial of degree six which has the
highest coefficient A < 0. The inequality

fo(z,y,2) >0

holds for all nonnegative real numbers x,y, z if and only if fe(x,1,1) > 0 and fs(0,y,z) > 0 for all
z,y,z > 0.

Theorem 1.2. Let fs(z,y, z) be a sixth degree symmetric homogeneous polynomial written in terms
ofp=xz+y+z q=2xy+yz+ zx,r = xyz as follows

fo(z,y,2) = Ar® + g1(p,q)r + g2(p.q), A >0,
and let
h(t) = 2At + g1 (t + 2,2t + 1),

d(p,q) = 91 (p, q) — 4Ag2(p, q),
2
d(p,q) >0 < % c1u],
where 1 is a union of intervals I; C [3,4), and J is a union of intervals J; C [4, cc]. The inequality

f6 (.T, Y, Z) Z 0
holds for all z,y, z > 0 if and only if the following three conditions are fulfilled:
(a) fe(x,1,1) > 0and fs(0,y,z) > 0 forall z,y,z > 0;
(b) for each interval1;, we have h(t) > 0 fort € K; or h(t) <0 fort € L;, where

2
tekK;, <— (t+2) el;,, 0<t <1,
2t+1
2
tel, < (t+2) el;, 1 <t<4
2t+1
(c¢) for each interval J;, we have g1 (/w,1) > 0 forw € J; or h(t) < 0 fort € M;, where
2 2
teM; <— (t+2) eli, t>4.
2t+1

In the more difficult case A > 0, to prove an inequality fs(x,y,z) > 0 using the necessary and
sufficient conditions from Theorem 1.2, we need to write the polynomial fs(x,y, z) in the form (1.2),
and this is one of the reasons why the method is rather tedious and laborious (see [2]). In this paper,
we present some strong practical sufficient conditions to have fs(z,y, z) > 0 for all nonnegative real
numbers x, y, z, which can be applied to prove many such inequalities in a much simpler way, without
using the functions g1 (p, q) and g2(p, q) in (1.2), but only the highest coefficient A.
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2 Main Results

To obtain the desired results, we need the following lemma in [2].

Lemma 2.1. Letx < y < z be nonnegative real numbers such that t+y+z = p and xy+yz+z2x = q,
where p and q are given nonnegative real numbers satisfying p> > 3q > 0. Then, the productr = xyz
is maximal when x = y, and is minimal when y = z (for p* < 4q) orxz = 0 (forp® > 4q).

In addition, we will use the following two ideas:
(1) to find a nonnegative symmetric homogeneous function Fs(z, y, z) having the form

Fs(z,y,2) = g(p, ¢)r + h(p, q)

and satisfying
Fs(z,y,2) < fo(z,y, 2)
for all nonnegative real z, y, z;

(2) to consider successively the cases p® < 4q - when the inequality Fs(z,y, z) > 0 holds for all
nonnegative real numbers z, v, z if and only if Fs(z,1,1) > 0 for all z € [0,4], and p*> > 4q - when
the inequality Fs(z,y,z) > 0 holds if and only if Fs(z,1,1) > 0 and Fs(0,y,2) > 0 for all z > 4 and
y,z > 0.

Let us define the following nonnegative rational functions

Az — 1) (z — ) (z - B)*
94— a— B —2aB)?(x+2)?’
~ 20y + 2)* — (10 + v + Oyz(y + 2)* +2(2 + ) (2 + 6)y*2*]?
f”/,ts(yvz): 9(4—7—(5—276)2(314—.2)2 B
where «, 3, v, ¢ are real numbers such that a + 5 + 2a8 # 4 and v + § + 2§ # 4.
Forg=-2,6=-1,8=0,8=1and 8 — oo, we get in succession:

fap(z) =

4z — 1)*(z — a)?
812+ )2

4(z+ 1)z — Dz — a)?

fa,*2(m) =

fumale) = MO T
fao(z) = 9(z(1x7;gzzf+72(;2) 7
fan(z) = ;ffl‘_ti;(f{ﬁ)w
by Aa=1'@ oy

9(1 + 2a)2(z +2)2°
Also, for6 = -2, =—-1,0 =0,0 =1 and § — oo, we get

(y+2)°2y +2)° — 8+ )yz]”

Fralan) = 81(2 +7)2 )
Froi(y, 2) = 20y + 2)* — (94 Vyz(y + 2)% + 2(2 + 7)y2%)?
T 9(5 +7)(y + 2)? ;

Froly2) = = )2y +2)° = 2+ v)y2]?

94 —7)2(y +2)? ’
2(y + 2)* — (11 +9)yz(y + 2)* + 6(2 + 1)y*2°)
81(1 — )% (y + 2)? ’

f%l(yv Z) =
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_ vy +2)” - 22+ )ye?

P02 = T Ty + 2
In particular,
CA@-1)t _ Yy +2)?
f-2,00(z) = 81 f-2,00(y,2) = 81
s ) . Yy —2)?!
Jo,c0(x) = W s fo,o(y,2) = W,
 A(x—1)° 7 YRR 4 2P - dyz)?
fl,oo(x) - 81(l’+ 2)2 ) fl,oo(yaz) - 81(y+21)2 )
G ) oyt
fOO,OO(m)_ 9(1‘4’2)2, fOO,OO(yaz)_ 9(y+2)2
Let us still define the nonnegative functions
- 52z +1)2 S 8%yt
) = o= CEEEEN L R = L
where ¢ is a real number. For § = 1/3 and § = 0, we get
B (ZL‘ _ 1)4 _ _ y4z4
fl/3(‘r)_ 9(3;‘4—2)2’ fl/B(yvz)_ 9(y—|—z)2’

fo(z) = $27 fo(y,z) =0.

The following two theorems are useful to prove symmetric homogeneous polynomial inequalities
of sixth degree in nonnegative real variables z, y, z and having the highest coefficient nonnegative,
especially in the cases where the equality occurs for (1,1, 1), and/or («, 1, 1), and/or (53,1, 1), and/or
(1,0,0), where « and g are nonnegative real numbers.

Theorem 2.2. Let fs(x,y,2) be a symmetric homogeneous polynomial of degree six having the
highest coefficient A > 0. The inequality fs(x,y,z) > 0 holds for all z,y, z > 0 if there exist four real
numbers «, 3, v, 6 such that the following two conditions are fulfilled:

(a) fe(x,1,1) > Afap(x) for 0 <z < 4;

(b) f6(z7 17 1) > Af’Y,5(m) and f6(07yvz) > AfT'Y,tS(y7 Z) for x > 4a Yy > 07 z > 0.

Theorem 2.3. Let fs(x,y,2) be a symmetric homogeneous polynomial of degree six having the
highest coefficient A > 0. The inequality fe(xz,y,z) > 0 holds for all z,y,z > 0 if the following two
conditions are fulfilled:

(a) there exist two real numbers o and 8 such that

fo(z,1,1) > Afap(x) for 0 <z <4;
(b) there exists a real numbers ¢ such that
fﬁ(mv 17 1) > Af(;(l’) and f6(05y72) > Af&(y,Z) fO'I‘ T > 47 Yy > 07 z 2 0.

Notice that the relative degree of the rational functions f, 5(x), fv,0c(z) and feo,o0 () are six, four
and two, respectively. Also, fs(z) has the relative degree two.

Next, we will apply Theorem 2.2 and Theorem 2.3 to prove six strong and sharp symmetric
homogeneous polynomial inequalities of degree six in nonnegative real variables, which were posted
on the known website Art of Problem Solving (see [3]...[6]).
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Proposition 2.1. Let z,y, z be nonnegative real numbers. If k < 4, then
S 2P (@ —y) (@ — 2)(z — ky)(z — kz) > (5 - 3K)(z — )°(y — 2)°(z — 2)°,

with equality forx = y = z, forx = 0 and y = z (or any cyclic permutation), and for x/k = y = z (or
any cyclic permutation) ifk > 0 - see [3].

Proposition 2.2. Let z,y, z be nonnegative real numbers. If k is a real numbers, then
D yz(z —y)(@ — 2)(« — ky)(z — kz) > 0,

with equality forx = y = z, fory = z = 0 (or any cyclic permutation), and for x/k = y = z (or any
cyclic permutation) if k > 0 - see [4].

Proposition 2.3. Let z,y, z be nonnegative real numbers. For any real k, we have
D aly+2)(@—y)@—2)(@ — ky)(x — kz) + (k= 3) (@ — y)°(y — 2)*(z — 2)* > 0,

with equality forz = y = z, forx = 0 and y = z (or any cyclic permutation), fory = z = 0 (or any
cyclic permutation), and for x/k = y = z (or any cyclic permutation)) if k > 0 - see [4].

Proposition 2.4. Let x,y, z be nonnegative real numbers, and let

4(k—2), k<6

Then,

an(x —9)*(y — 2)*(z — 2)°
> (e —y)(x - 2)(@ — ky)(@ — kz) + T >0,

with equality forx = y = z, forx = 0 and y = z (or any cyclic permutation), and for x/k =y = z (or
any cyclic permutation) ifk > 0, and forz = 0 and y/z + z/y = (k — 2)/2 (or any cyclic permutation)
ifk > 6 - see [5].

Proposition 2.5. Letx,y, z be nonnegative real numbers, and let
31—k), k<0
ap = .
3+ k, k>0

Ifk € (—oo0, —5/4] U {0,1,2,3}, then

ar(z —y)*(y — 2)*(z — 2)*
D (@ —y)(z—2)(z — ky)(z —kz) > P :

with equality forz = y = z, forx = 0 and y/z + z/y = 2 + |k| (or any cyclic permutation), and for
x/k =y = z (or any cyclic permutation) ifk > 0 - see [6].

Proposition 2.6. Let x,y, z be nonnegative real numbers. If k is a real numbers such that |k| > 1,
then
2+ [k)*(z —9)*(y — 2)*(z — 2)*
- - —ky)(z — kz) >
S+ )@ — )@~ ky)(e — k2) > P s
with equality forx = y = z, forx/k = y = z (or any cyclic permutation) ifk > 0, fory = z = 0 (or any
cyclic permutation), and forz = 0 andy/z + z/y = 2 + 2|k| (or any cyclic permutation) - see [5].

’
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Remark 2.1. The coefficients of the product (x — y)*(y — 2)?(z — x)? in Propositions 2.1 ... 2.6 are
the best possible. We can show this as follows.

With regard to Proposition 2.1, setting = = 0 in the inequality
D 2@ —y) (@ —2)(z — ky)(z — k2) > an(z —y)*(y — 2)*(z — 2)?

yields
(y— 2)2[y4 + 24— (k— 1)yz(y2 + 22) +(1-k— ak)y222] > 0.

In addition, setting y = z = 1 in the necessary condition
y 2t (k= Dyz( 420+ (L -k —an)y?2® 20
provides ay < 5 — 3k.
With regard to Proposition 2.2, putting x — oo in the inequality

Y oyz(z —y)(z - 2)(x — ky) (@ — kz) > ax(z — y)*(y — 2)*(z — 2)°
leads to
yz > ax(y — 2)°
This inequality holds for all nonnegative y, z if and only if o < 0.
With regard to Proposition 2.3, making = = 0 in the inequality
Doy +2) (@ —y)(@—2)(x - ky)(z — k2) + ar(z — y)*(y — 2)*(z —2)* > 0,

we get
yz(y — 2)°[y° + 2% = (k— 1 — on)yz] > 0.
For y = z = 1, the necessary condition

V42— (k—1—ap)yz>0
yields a, > k — 3.
With regard to Proposition 2.4, setting = = 0 provides
(y —2)°[(y" +2°)" = (k= 2)yz(y” + 2°) + (o — 2k)y*2"] 2 0.
For y = z = 1, the necessary condition
(" +2°) = (k= 2)yz(y” + 2°) + (aw — 2k)y"z" > 0

involves ay, > 4(k — 2). Also, for

2yz, k> 6,

we get
Moy — (k+ 2)2]y2z2 >0,

which involves oy, > (k + 2)%/4.

With regard to Proposition 2.5, setting z = 0 yields

2

(> +2°) — (L+k+ap)yz(y® + 2°) + (K* 4+ 2k — 24 2a)y°2° > 0.
For k > 0, choosing y and z such that 3 + 2% = (2 + k)yz, we get

k(o — k — 3)y*2° <0,
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which involves oy < k + 3. Similarly, for k < 0, choosing y* + 22 = (2 — k)yz, we get
(—=k)(ax + 3k — 3)y°2° <0,
which provides ai < 3(1 — k). Also, for k = 0, we get
(y — 2)*[(y — 2)* + (3 — a0)yz] >0,
which yields oy < 3.

With regard to Proposition 2.6, setting = = 0 in the inequality

S+ 2)e = )l — 2o — ko — k) > SISO 22D

implies
yz[(y” +2%)7 = (an = K)yz(y” + 2°) + 2(an + k* — 2)y2%] > 0,
For y? + 2 = 2(1 + |k|)yz, from the necessary condition
(W +2°)% — (an — K)yz(y” + 2%) + 2w + k> = 2)y°2* > 0,
we get
[l [ore — (2 + [K[)*]y*2* < 0,

which yields ax < (2 + |k|)%
Remark 2.2. For k = 4, the inequality in Proposition 2.1 turns into

Y2t (@—y)(w—2)(x —dy)(z —42) + Tz —y)*(y — 2)° (2 —2)* > 0,
which is equivalent to

(z2 +yi 42—y —yz— zx)(x2 +y? + 22— 2zy — 2yz — 2256)2 >0.

The equality occurs when z = y = z, and when /= = ,/y 4 /= (or any cyclic permutation).
For k = 0, the inequality in Proposition 2.2 turns into

xysz(x —y)(x—2z)>0.
The equality holds for x = y = z, and also for z = 0 (or any cyclic permutation).
Remark 2.3. The inequality in Proposition 2.1 can be extended for k& > 4, as follows
20 + 12k — 4k® — k*
4(k —1)2

Also, the inequalities in Proposition 2.5 and Proposition 2.6 hold for all & € R. These are very difficult
inequalities which cannot be proved using Theorem 2.2 and Theorem 2.3. We will prove them in a
future paper using a similar but more powerful method focused on this type of inequalities.

Y@ —y)(x—2)(@ —ky)(z —k2) 2 (@—y)’(y— 2"z —a)"

Remark 2.4. Substituting k£ — 1 for &k in Propositions 2.1 and 2.2, and using then the identities
Y@ —y)(z 2w — (k= yl(z — (k- 1)2] =
=" 2@~ y)(e — 2@ — ky +2)(x — kz +y) + k@ —y)*(y — 2)* (= — 2)%,

> yzz —y) (@ —2)z— (k= Dyl(z — (k- 1)2] =
=> yaz—y)(x—2) (& —ky+2)(@—kz+y) + k@ — )’y - 2)>(z—2)°,

we get the following equivalent propositions.
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Proposition 2.7. Let x,y, z be nonnegative real numbers. If k < 5, then
Y@ —y)w—2) (@ —ky+2)(w—kz+y) =42 - k)(z—y)’(y—2)°(z —2)°,

with equality forx = y = z, forx = 0 andy = z (or any cyclic permutation), and forz/(k—1) =y =z
(or any cyclic permutation) if1 < k <'5.

Proposition 2.8. Let x,y, 2 be nonnegative real numbers. If k is a real number, then
> yzle—y)(@ —2) (@ —ky+2)(x —kz +y) + k(z —y)*(y — 2)°(z —2) > 0,

with equality for x = y = z, fory = z = 0 (or any cyclic permutation), and forz/(k — 1) =y = z (or
any cyclic permutation) ifk > 1.

3 Proof of Theorem 2.2

Recall the notation
p=zxz+y+tz, g=zxy+tyz+zx, r=uzxyz.

The main idea is to find two nonnegative symmetric homogeneous functions h1(z, y, z) and ha(z, y, z)
of sixth degree and having the form 72 + g(p, q)r + h(p, q), such that

(A1) fs(x,y,2) > Ahi(z,y, z) for all nonnegative real x, y, » satisfying p* < 4q;

(A2) fo(x,y,z) > Aha(z,y, ) for all nonnegative real z, y, z satisfying p* > 4q.
Clearly, if the conditions (A1) and (A2) are fulfilled, then fs(x,y, z) > 0 for all nonnegative real z, y, z.
Let us denote

Hl(ﬂﬁ,% Z) = f6($7y72) - Ah1(x,y,z), H2($,y7 Z) = f6($7y72) - Ahg(x,y,z).

Since the functions H1 (z,y, z) and Hz(x, y, z) have the highest coefficient equal to zero, we can apply
Lemma 2.1 to analyse the conditions (A1) and (A2), which are respectively equivalent to

(B1) Hi(z,y,z) > 0 for all nonnegative real =, y, = satisfying p* < 4¢;

(B2) Ha(z,y,z) > 0 for all nonnegative real z, y, » satisfying p* > 4q.

For fixed p and ¢, the inequalities from (B1) and (B2) can be written as g1 (r) > 0 and g2 (r) > 0, where
g1 and g2 are linear functions, which are minimal when r is minimal or maximal. Thus, by Lemma 2.1
and due to symmetry, the inequality H,(z,y, z) > 0 holds for p? < 4q if it holds for y = z, while the
inequality Hz(z,v, z) > 0 holds for p*> > 4¢ if it holds for y = z and for z = 0.

On the other hand, due to homogeneity, we may reduce the case y = z # 0to y = z = 1, when
the conditions p*> < 4¢ and p* > 4q are equivalent to = € [0,4] and = > 4, respectively. Thus, the
conditions (B1)and (B2) are fulfilled if and only if the following conditions are satisfied:

(C1) Hi(z,1,1) > 0forz € [0,4];

(C2) Hy(z,1,1) > 0and H2(0,y,z) > 0forxz > 4andy,z > 0.

We will show that the conditions (C1) and (C2) are satisfied if we choose the nonnegative
functions

2 b c 2\?
hl(w,y72)=<T+*p3—*1pq+*l-qf) ,
ai ai ar p

2 b 2\ ?
ha(x,y,2) = <T+ ZpP - Ppg+ 2. q*) ,
as as as p
which satisfy
h1(17 17 1) = hl(a7 17 1) = hl(ﬂ? 1’ 1) = 07
=0.

h2(17 1, 1) = ]’LQ(’}/7 1, 1) = h2(5, 1, 1)
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After some calculation, we get
a=34—-a—-p—-2af), b1=10+a+p8, ca=22+a)2+4),
az=34—~v—0—-27v), ba=10+~v+96, c2=2(24+7)(2+9).
We can check that
hi(z,1,1) = fap(z),  ha(z,1,1) = fr5(x),  h2(0,y,2) = fr.s(z).
According to the hypotheses in Theorem 2.2, we have
Hi(z,1,1) = fo(z,1,1) — Ah1(z,1,1) = fo(z,1,1) — Afas(z) >0 for = € [0,4],
Hy(z,1,1) = fo(x,1,1) — Aha(z,1,1) = fo(z,1,1) — Afy s(xz) >0 for =z > 4,
H2(0,y,2) = f6(0,y,2) — Ah2(0,y,2) = f6(0,y,2) — Afy.5(y,2) > 0 for y,z>0.
This completes the proof.
Remark 3.1. In addition to the relations

ha(1,1,1) = ha(7,1,1) = h2(5,1,1) = 0,

we have also
h2(0, U27'U2) =0

for all nonnegative us and v, satisfying

up  v2 _ Y4+5+2+ /(T +0+10)2 —16(y +2)(6 + 2)

V2 U2 4

Remark 3.2. For § = —2, we get

2 5 v+8 2
h - - .
2(2,9,2) (T Tt Tt 18pq)

This function is zero for (z,y,2) = (1,1,1), (z,y,2) = (v,1,1) and (z,y, z) = (0,u, v), where

Tilo04 2
v u 2
In addition, if v — oo, then

1 2
ho(z,y,2) = (7' - §pq) :

Obviously, ha(z,y, 2) is zero for (z,y, z) = (1,1,1) and (z,y, 2) = (1,0,0).
For 6 — oo, we get

1 2y +4 q2)2

h = _ L1
2(z,y, 2) (r+67+3pq 13 p

In this case, ha(z,y, z) is zero for (z,y,2) = (1,1,1), (z,y,2) = (v,1,1), (z,y,2) = (1,0,0) and
(z,y,2) = (0,u,v), where

+ = =2+27.

SHES

v
u
In addition, if v — oo, then we have
2\ 2
h2(x7y7z) = (T - % ' %) .
Clearly, ha(z,y, 2) is zero for (z,y,2z) = (1,1,1) and (z,y, z) = (1,0,0).
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4 Proof of Theorem 2.3

The proof is similar to the one of Theorem 2.2. However, here we choose
5 2\ 2
ha(z,y,2) = <r - %) ,
wherep =z +y+ 2, ¢q=2ay+yz+ zz, r = zyz. Since
ha(z,1,1) = fs(z), h2(0,y,2) = fs(y, 2),
from the hypothesis (b), we have
Hy(x,1,1) = fo(x,1,1) — Aha(x,1,1) = fe(z,1,1) — Afs(z) >0 for z >4

and
HZ(O,%Z) = f6(07y7z) - Ah2(07y72) = f6(07y7z) - Af5(y7z) >0 for Y,z > 0.

5 Proof of Propositions 2.1 ... 2.6
Proof of Proposition 2.1. Denote

fl@y.z) =) 2*(x —y)( - 2)(& - ky)(z — k),
and write the desired inequality as fs(z,y, z) > 0, where

Jolx,y,2) = f(z,y,2) — (5= 3k) (& —9)*(y — 2)*(= — )"
From ]
z(z —y)(z —2) = 22> —pa® +r

and
z(z —ky)(x — kz) = 2° — ka®(y + 2) + K°r = (k + 1)z — kpa® + K°r,

it follows that f(z,y, z) has the same highest coefficient A as g(z,y, z), where

g(@,y,2) = > (22 +1)[(k+ 1)a® + k7]
=2(k+1) Zazﬁ + (2K + k + 1)7‘2303 + 3k*r?;
that is,
Ay =6(k+1)+302k> +k+1) + 3K = 9(k* + k + 1).

Since the highest coefficient of the product (z — y)*(y — 2)*(z — z)? is equal to —27, fs(z,v, z) has
the highest coefficient
A=Ay +27(5 - 3k) = 9(4 — k)°.

On the other hand, we have
fo(z,1,1) = 362(36 — 1)2(.T — k)2,
f6(0,y,2) = (y— 2)'[y* + 2% + (3 = k)yz] + (5 — 3k — ax )y’ 2% (y — 2)°
=@-2)"y—2°"+ (- kyz]

For k = 4, we have A = 0. According to Theorem 1.1 (or Theorem 2.2), the desired inequality is
true since fs(x,1,1) > 0and f6(0,y,2) > 0 forall z,y,z > 0.
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For k < 4, we have A > 0. To prove the desired inequality, we will apply Theorem 2.3 for
a=k, f=0, 6=0,

when ) . )
frow) = BN pw =at o) =0,

The condition (a) is fulfilled since

3% (x— 1) (x — k)’(4 — )
fo(z,1,1) — Afxo = TEDE >0

for0 <z < 4.
The condition (b) is satisfied if fs(z,1,1) > Az? and f6(0,y,2) > Oforz > 4,y > 0, z > 0.
Indeed,
fo(z,1,1) — Az® = 2*[(x — 1)*(z — k)® — 9(4 — k)*] > 0,

since (z —1)*> > 9and (z — k)® > (4 — k)* for 2 > 4 and k < 4. Also, the condition f¢(0,y, 2) > 0 is
clearly true.
o

Proof of Proposition 2.2. If one of x,y, z is zero, the inequality is trivial. On the other hand, the
inequality remains unchanged by replacing z,y, 2z and k with 1/x,1/y,1/z and 1/k, respectively.
Therefore, it suffices to consider only the cases 0 < k < land k < —1.

Write the inequality as fs(z,y, z) > 0, where

fo(my,2) = > yz(x —y) (@ — 2)(x — ky) (@ — k2).

Since
(@—y)(@—2)=a”+2yz—¢
and
(x — ky)(z — k2) = 2* + (K* + k)yz — kq,
fe(z,y, z) has the same highest coefficient as

9(@,y,2) = 3 yz(a® + 292)[2® + (K + k)y2]
=2(k* + k) Z y*2® +xyz Z 2+ 3(K° 4+ k + 2)z’y* 2%
that is,
A=6(k +k)+34+3K +Ek+2) =9k +k+1).
On the other hand,
fb(xaLl) = ("1"71)2(‘%’71‘7)27 f6(07yaz) :k2y3z3.
Next, we apply Theorem 2.3 for « = k and 8 = oo, when

_ Az — Dz — k)?
9(2k + 1)2(z + 2)2

Jk,00(2)

Since

(x — 1Dz — k)?[(2k + 1)2(z +2)% —4(k* + k + 1)(z — 1)

Fo(@,1,1) = Afkoo = (2k + 1)2(z + 2)° ’

the condition (a) in Theorem 2.3 is fulfilled if

2k + 12z +2)* > 4(k* + k + 1)(z — 1)?
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for 0 < z < 4. This is true because (2k + 1)® > k* + k+ 1 and (z + 2)* > 4(z — 1)°.
In order to prove the condition (b), we consider two cases: 0 < k < land k < —1.

Case 1: 0 < k < 1. We choose
2k

R L S—
3WVk2+k+1

when

2 2
Fo(0,2) = Afs(n ) = ' it = L0 E]

2 2
> PR {kg_ 9(k +Z+1)5 } _o.

The condition fs(z,1,1) > Afs(x) is equivalent to
(x —1)*(x — k)*(z+2)* > [3K(z® + 2z) — 2k(2z + 1)?]°,
where K = vk2 + k+ 1. Since 0 < k < 1 and = > 4, we need to show that
(x —1)(z — k)(z +2) > 2k(2z + 1)° — 3K (2° + 2x) (5.1)

and
(x —1)(z — k)(z +2) > 3K (2 + 2z) — 2k(2z + 1)*. (5.2)
Write the inequality (5.1) as = f(x) > 0, where
f(x) =2+ BK — 9%k + 1)z + 6K — 9%k — 2.
Since
f(@) = (z —4)> + 3[K + 3(1 — k)](z — 4) + 92K — 5k + 2) > 9(2K — 5k + 2),
it suffices to prove that 2K — 5k + 2 > 0. Indeed, we have

2K—5k+2>@—5k+2:7(1;m

Since k + 1 > K, the inequality (5.2) is true if

> 0.

(x—1)(z — k)(z+2) > 3(k+ 1)(z° + 22) — 2k(2z + 1),
which is equivalent to
2 4+ 202k — 1)z + (k — 8)x + 4k > 0,
22 (z —4) + 22k + Da(z — 4) + 17ka + 4k > 0.
Clearly, the last inequality is true.

Case 2: k < —1. We choose
—k
0= ———
3WVEk2+k+1

when

2 2
Fo(0.50) = Afs(n ) = st 2 = LR 0]

9(k* + k +1)5°

> %23 |:k2 _ .

] = %k2y323 > 0.
The condition fs(z,1,1) > Afs(z) is equivalent to

(x —1)*(z — k) (z +2)° > [-3K(2® 4 22) — k(2z + 1)°)?,
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where K = vE2 + k + 1. Since K < —Fk, we have
—3K(2® + 2z) — k(2z +1)® > 3k(z” + 2z) — k(2z + 1)* = —k(z — 1)* > 0.
Therefore, it suffices to show that
(x —1)(z —k)(z +2) > —3K (2 + 2z) — k(2z + 1)°.
Sincex —k>4—k>0and K > —k — 1, it is enough to prove that
(x—1)(4—k)(z+2) >3(k+1)(2® + 22) — k(22 + 1)°,

which is equivalent to
z* — 3k 4+ 2)z + 3k — 8> 0.

Indeed, for k < —1 and = > 4, we get

2 — (Bk+2)x+3k—8>16—4(3k +2) + 3k — 8 = —9k > 0.

Proof of Proposition 2.3. Denote the left side of the inequality by fs(z,y, z). From
fo(w,y,2) = Y alp—2)(@® + 2yz — @) [ + (K + k)yz — ka] + (k = 3) [ [(= — )*,
it follows that fs has the same highest coefficient A as
z,y,2) =—»_ 2 (x® + 2yz)[a” + (K + k)yz] — 27(k — 3)a’y” 2>
= —6k(k+ 1)z*y?2® — (K* + k + 2)zyz Z x” — Z x® — 27(k — 3)2y?2%;

therefore,
A= —6k(k+1)—3(k* +k+2) —3—27(k — 3) = 9(8 — 4k — k7).

For k € (—o0,—2v/3 — 2] U [2v/3 — 2,00), we have A < 0. According to Theorem 1.1, the desired
inequality is true if fs(x,1,1) > 0and f6(0,y,z) > 0 for z,y, z > 0. Indeed,

fo(z,1,1) = 2z(x — 1)*(x — k)> > 0,

f6(0,y,2) = yz(y — 2)* > 0.
Consider now that
€ [-2v3-2,2v3 - 2],
and apply Theorem 2.3 for
a=k, =0, §=0.

The condition (a), namely fs(x,1,1) > Afro(z) for 0 < x < 4, is satisfied if
(4—k)*(x+2)* >2(8 — 4k — kM)z(z — 1)%
This is true since (4 — k) > 2(8 — 4k — k%) and (z + 2)? > z(x — 1)°. Indeed,
(4 —k)® —2(8 — 4k — k) = 3k*> > 0,

(2 +2)° — (e -1 = @ —2)(1 +z+a°) >0,

The condition (b) is fulfilled if fs(x,1,1) > Az? and fs(0,y,2) > 0forz > 4,y > 0, z > 0. The
second condition is clearly true, while the first condition is fulfilled if

20z —1)*(x — k) > 9(8 — 4k — k°)z.
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Since 4(z — 1) =9z = (x — 4)(4x — 1) >0and z — k > 4 — k > 0, we have

4z —1)*(z — k)® = 18(8 — 4k — k*)z > 9z(4 — k)* — 18(8 — 4k — k*)z = 27kz > 0.

Proof of Proposition 2.4. Write the inequality as fe(z,y, z) > 0, where
fol@,y,2) = (@ +y+2) Y z(z—y)(x—2) (@ — ky) (@ — k2) + ar(z — y)*(y — 2)*(z — 2)*.

Since the product (z — y)*(y — 2)%(z — z)? has the highest coefficient equal to —27, fs(z,y, z) has
the highest coefficient
A= 727ak.
Also, we have
fﬁ(l', 1, 1) = .’E(:I? + 2)(1: - 1)2(1: - k)27
f6(0,y,2) = (y = 2)°[(y + 2)" = (k + 2)yz(y + 2)* + awy®27).
There are three cases to consider.

Case 1: k > 6. Since

—27(k +2)2
4

the desired inequality is true if fe(z,1,1) > 0 and f5(0,y,2) > 0 for z,y,z > 0 (Theorem 1.1). The

first condition is clearly true and

A=-27Taq = <0,

f6(0,y,2) = (y — 2)*[(y + 2)" — (k+2)yz(y + 2)° +
=—2)°|(y+2)>°— %yz > 0.

Case 2: 2 < k < 6. Since
A= —2Tay = —108(k — 2) <0,
the desired inequality is true if fs(x,1,1) > 0 and fs(0,y,z) > 0 for ,y, z > 0. The first condition is
true and
f6(0,y,2) = (y = 2)°[(y + 2)* — (k +2)yz(y + 2)* + 4(k — 2)y*2"]
=W—2)"y+2)°—(k—2yzl > (y—2)° > 0.
Case 3: k < 2. We have
A= —2Tay = 108(2 — k) > 0.

We will apply Theorem 2.3 for
a=k, =0, §=0.

Since

z(r — 1% (x — k)[4 — k)*(x +2)® —48(2 — k)a(z — 1)F]
(4—k)?(x+2)? ’

fo(z, 1,1) — Afio(z) =

the condition (a) is true if [
(4 —k)*(x +2)° > 48(2 — k)a(z — 1)°
for 0 < x < 4. This inequality follows by multiplying the inequalities
(4—k)*>8(2—k)

and
(x4 2)% > 6x(x — 1)°,
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which are equivalent to k2 > 0 and (4 — x)(2 + 2z + 52%) > 0, respectively.
The condition (b) is fulfilled if fe(x,1,1) > Az? and fs(0,y,2) > 0forz > 4,y > 0, z > 0. The
first condition is equivalent to
(x4 2)(x —1)*(xz — k)* > 108(2 — k).
This inequality follows from
4(x—1)*> 9z

and
(x42)(z—k)> > 48(2 — k).

Indeed,
dx—1)° =9z = (x —4)(4z —1) >0,

(x42)(z—k)> —48(2 — k) > 6(4 — k)* — 48(2 — k) = 6k> > 0.

Also, we have
f6(0,y,2) = (y — 2)"[(y + 2)> + (2 — k)yz] > 0.

Proof of Proposition 2.5. Write the inequality as fs(z,y, z) > 0, where

Jo(@,y,2) = (ey +yz +22) 3 (¢ — y)(@ — 2)(x — ky) (@ — k2) — an(e — 1) (y — 2)°(= — )",

We have
A=2Tay >0,

fo(z,1,1) = 2z + 1)(z — 1)*(z — k)?,

f6(0,y,2) = y2[(y® + 2°)* — (k + 1 + aw)yz(y® + 2°) + (K + 2k — 2+ 204)y°2”]
=yz[(y +2)° — (4 +|k|)y2]".

To prove the desired inequality, we apply Theorem 2.2 for

a:|k|7 ﬁ:_27 7:@7 6:007
wher (0~ D*(a — |K)
Az — D)z — 2
f|k\,_2($) = 81(2 + [K|)2 )
_(@-D'c— k) _ 922y + 2)° — (4 + [k]Dyz]?
f|k‘/2700(x) = 9(1 n |k‘|)2(.’t T 2)27 f\k\/2,oo(y7z) = 9(1 T \k|)2(y+ Z)2 .
From

(x = 1)?*[3(2 + [k)* (22 + 1) (z — k)* — don (2 — 1)*(z — [k])?]

fol,1,1) — Afj _a(z) = 3(2+ [K])2 ’

it follows that the condition (a) in Theorem 2.2 is satisfied if
3(2+ [k)* (22 + 1)(z — k)* > dag(z — 1)*(z — [k])*
for 0 < x < 4. Since (z — k)? > (z — |k|)? and 22 4+ 1 > (z — 1)?, it suffices to show that
3(2+ [k])? > da.

Indeed, for k < 0 we have
3(2 + |k|)? — 4ax = 3k* >0,
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and for kK > 0 we have
3(2 + |k|)® — 4ax = k(3k +8) > 0.
The first condition in (b), namely fs(z,1,1) > Afjx)/2,0c () for z > 4, holds if
(1+ k) 2z + 1) (z +2)*(z — k)® > 3a(z — 1)*(2z — |k])%. (5.3)
The second condition in (b), namely f5(0,y,z) > Afjx|/2,00(y, ) for y, z > 0, is equivalent to
yzl(y +2)* = (4 + [kDy=*[(1+ [k)*(y + 2)* — 3awyz] > 0. (5.4)
Case 1: k < —5/4. The inequality (5.3) is equivalent to
(1—k)Q2z+1)(z+2)>(z—k)*>9@x—1)*2c+k)>
Since 4(z — k)? > (2z + k)? and 2z + 1 > 2(x — 1), it suffices to show that
2(1 — k)(z 4+ 2)* > 36(z — 1).
Indeed,
2(1 — k) (x +2)° — 36(x — 1) > 3(x +2)> = 36(z — 1) = 3(z — 4)° > 0.
The inequality (5.4) is equivalent to
(1= K)yzl(y +2)" = (4 = Ky’ [(1 = k) (y + 2)° = 9yz] > 0,
and is true for any k < —5/4 since
(1 —k)(y+2)° —9yz > 4(1 — k)yz — Iyz = (—4k — 5)yz > 0.
Case 2: k € {1,2,3}. The inequality (5.4) is equivalent to
yl(y +2)* = (k+4)y2]’[(k + 1)*(y + 2)* = 3(k + 3)y2] > 0,
and is true since
(k+1)%(y+2)> = 3(k + 3)yz > [4(k + 1)° = 3(k + 3)]yz = (4k” + 5k — 5)yz > 0.
As for the inequality (5.3), it holds if
(k+1)*2z + 1) (z +2)°(x — k)* > 3(k + 3)(z — 1)°(2z — k). (5.5)
For k = 1, the inequality (5.5) is true if
2z +1)(z +2)* > 3(2z — 1)*.
Indeed,
2z + 1) (x4 2)* =32z —1)> > 6(2z + 1)(z + 2) — 3(2z — 1)° = 3(14a + 3) > 0.
For k = 2, the inequality (5.5) has the form
3(2x 4+ 1)(z® — 4)* > 20(z — 1)*,

and is true since > — 4 > (z — 1)% and 3(2z + 1) > 20.
For k = 3, the inequality (5.5) becomes

8(2z 4+ 1)(z + 2)%(z — 3)® > 9(z — 1)?(2z — 3)°.
Since 8(2x + 1) > 72 > 64, it suffices to show that
8(z+2)(z—3) > 3(x—1)(2z — 3).
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Indeed,
8(z 4+ 2)(x — 3) — 3(x — 1)(2z — 3) = 22° + Tz — 57 > 32 4 28 — 57 > 0.

Case 3: k = 0. To prove the original inequality we can use Theorem 2.3 for « = 0, 8 = —2 and
6 = 0. The condition (a) in Theorem 2.3 is the same as the condition (a) in Theorem 2.2. Thus, we
only need to prove that fs(x,1,1) > Az? and f5(0,y, 2) > 0 for 2 > 4, y, z > 0. Indeed,

fo(z,1,1) — Az? = x2[(2x + 1) (z— 1)2 —81] >0, f6(0,y,2) =yz(y — 2)4 > 0.

Proof of Proposition 2.6. Write the inequality as fs(z,y,z) > 0, where
folz,y,2) =pY (y+2)(x —y)(z — 2)(x — ky)(x — kz) — 2+ [k))*(z — v)*(y — 2)°(z — 2)".
The polynomial fs(x,y, z) has the highest coefficient
A =272+ |k|)*

Also, we have
fo(z,1,1) = 2(z + 2)(z — 1)°
f6(07y7 Z) = yz[(y + 2)2 - 2(2
We will apply Theorem 2.2 for

(.CC - k)27
+ [k[)y=]".

Oé:|k'|, 6:_27 ’Yzlk‘> 62007

when
Pnate) = e
om0 = G e = S
Since
Folw 1,1) = Afi _a(a) = (z = 1)*[3(z + 2)(x — k:):’ —2(x — 1)*(z — |k|)?] 7

the condition (a) in Theorem 2.2 is fulfilled if
3(z+2)(x — k)? > 2(z — 1) (@ — [k])?
for 0 < x < 4. This is true since 3(x +2) > 2(z — 1)? and (z — k) > (z — |k|)?. Indeed,
3x+2)—2xz—1)% =4 —2z)(1+2z) >0,
(@~ k)* — (x — |k])* = 2(|K| — k)z > 0.

The condition (b) is fulfilled if fs(z,1,1) > Afjx,00(x) and f6(0,y,2) > Afjx|,00(y,2) for z > 4,
y > 0, z > 0. The first condition holds if

(1+2[k)*(z +2)° (& — k)* > 6(2+ [K])*(z — 1)*(z — |k[)*.
Since (z — k)? > (z — |k|)?, it suffices to show that
(14 2[k])*(z +2)° > 6(2 + |k])*(z — 1)°.
Since z + 2 > 6, it suffices to show that

(1+20k)*(x +2)* > (2 + |k])*(z — 1)7,
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which is equivalent to
(IT+20kD)(xz+2) > 2+ |k)(z—1).
This is true for z > 4 and |k| > 1 because 1 + 2|k| > 2+ |k|landz +2 > z — 1.
The second condition in (b) is equivalent to
yzl(y +2)* = 22+ [kDy="[(1+ 2[k)*) (y + 2)* = 3(2 + [k])*yz] > 0,
and is true if
4(1+2[K])* = 3(2 + |k)* > 0,
or, equivalently,
2(1+ 2[k|) > V3(2+ |kl).
Indeed,

201+ 2[k|) — V32 + k) = (4 — V3)|k| +2(1 — V3) > (4 — V3) + 2(1 — V3) > 0.

6 Conclusion

In this paper, we have investigated the inequality fs(z,y,2z) > 0 for all nonnegative real numbers
x,y, 2, where fs(z,y, z) is a symmetric homogeneous polynomial of degree six. To prove an inequality
of this type using the necessary and sufficient conditions from Theorem 1.2, we need to write the
polynomial fs(z,y, z) in the form (1.2), which is a tedious and laborious work. Consequently, we have
formulated and proved two new theorems with strong sufficient conditions to have fs(z,y, z) > 0 for
all nonnegative real numbers z, ¥, z. Six elaborate applications are given to show the effectiveness
of the proposed sulfficient conditions.
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