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Abstract

In this paper, we investigate the positive solutions of quasilinear elliptic equations of the form

—Apu = a(d(x))g(u) + f(z,u) + A[Vul’~", in Br
u>0, in Br (1.1)
u =0, on 0Bgr

where Bx(0) ¢ RY, N > 2is an open ball centered at origin of RY, ¢ is an unbounded decreasing
function, a(6(z)) is positive and continuous, §(z) = dist(z,dBr), p > 2, X < 0. We emphasis the
effect of all these terms in the study of existence and nonexistence of positive solutions.
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2010 Mathematics Subject Classification: 35J15, 35J75.

1 Introduction

In this paper, we are concerned with quasilinear elliptic problems in the from

— Dpu=a(8(x))g(u) + f(z,u) + AVul’~!, in Bg

u >0, in Bgr (1.1)

u=0, on 0Bgr
where B ¢ R, N > 2, A,u = div(|Vu[P~?Vu), where Br is a smooth and bounded domainis
an open ball centered at origin of R™, a((6(z)) is positive and continuous, p > 2, A < 0. For
the convenience, we denote h(x,u, Vu) = a(d(x))g(u) + f(z,u) + X\VulP™!, and h(z,u, Vu) is
nonincreasing respect to u.
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We assume that g € C'(0, c0) is a positive decreasing function and

(91) lim, o+ g(t) = o0

The function f : Bgr x [0,00) — [0,00) is Hélder continuous, nondecreasing with respect to the
second variable and f fulfills the hypotheses:

(f1) the mapping (0,00) 3 t — 2% is nonincreasing for all = € Bg;

tp—1

(£2) lim,_ o+ L8 = oo and limy—0e £22 = 0, uniformly for = € Br.

Such singular boundary value problems arise in the context of chemical heterogeneous catalysts
and chemical catalyst, in the theory of heat conduction in electrically conducting materials, singular
minimal surfaces, as well as in the study of non-Newtonian fluid theory [1], non-Newtonian filtration
[2] and the turbulent flow of a gas in porous medium. In the non-Newtonian fluid theory, the quantity
p is characteristic of the medium. Media with p > 2 are called dilatant fluids and those with p < 2 are
called pseudoplastics. If p = 2, then they are Newtonian fluids.

The main features of the paper are the presence of the convection term |Vu|P~' combined
with the singular weight a : (0,00) — (0, 00) which is assumed to be nonincreasing and Hdlder
continuous.

Many papers have been devoted to the case a = 1 or A = 0 ([3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,
29] and the references therein). In [17], the author considered the following problem

div(|Vul"*Vu) 4 g(z)u™" =0, =z RY, (1.2)

has a positive entire solutionif 1 < p < N, 0 <y < p—1, and ¢(z) € C(R4) satisfy some suitable
conditions.
In [3], the author studied the existence of the positive solutions of the equation

—Dpu=Af(z,u), in Q
u >0, in Q (1.3)
u =0, on 0f)

where Q@ ¢ R” is a C** bounded domain, for some 0 < w < 1, f : Q x (0,00) — [0, 00) is a suitable
function and allowed to be singular, A > 0.

In [5], the existence and uniquness of positive solutions of the following quasilinear singular
equations

u >0, in RY (1.4)
Iim‘wHoou =0.

{ — Apu=p@)fu), in RY

and

~Dpu=p@)f(u), in Q
u > 0, in Q (1.5)
u =0, on 99
are considered.
One of the works in the literature dealing with singular weights in connection with singular
nonlinearities is due to [11,16]. In [11,16], the following problem has been considered

{ —(pp(u' (1)) = a(t)g(u(t)), in (0,1)
u >0, in (0,1) (1.6)

u(0) =u(1) =0
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where g satisfies (¢g1) and a is positive and continuous on (0, 1). It is shown that if

S S 1 s
/ gozjl(/ a(T)dT)der/ apgl(/ a(r)dr)ds < oo, (1.7)
0 s S 5
where 0 < § < 1, then (1.6) may be a positive one classical solution. In our framework, g is continuous
att =1,s0 (1.7) reads as
1 1
/ <p;1(/ a(t)dr)ds < oo, (1.8)
0 s
where ¢, (t) = It 7.
When p = 2, there is a vast literature on stable solutions to the equation (1.1), we refer to
[18,19,20,21,22,23,24] and references therein. In particular, Marius Ghergu and Taliaferro S.D.
[20,22],[22] dealing with singular weights in connection with singular nonlinearities. The present

paper is an part extension of [20,22] to the p—Laplacian equation. Our main ideas come from the
paper [20,22].

Theorem 1.(Nonexistence) Suppose that (g1), and
(92) V6 >0, Q5 D {x € Q;6(z) < 6}, such that

G,l,(a(5(a:)))dac = o0,

Qs

where G}, is the inverse operator of A} = —A,,.

Then (1.1) has no solutions.

Theorem 2. Assume (f1), (f2), and for some R > 0, then the problem (1.1) has at least one
solution for all A < 0.

2 Preliminary

Definition 2.1. A function u € C***(Q) N C(Q) is called a subsolution of problem (2.3) if
—diV(|Vg\p72Vg) < h(z,u,Vu), u>0,z€ Qu=0,z¢cN.
A function @ € C***(Q) N C(Q) is called a supersolution of problem(2.3)if
—div(|Va|’~*Va) > h(z,w,Va), w>0,z€Qu=0z¢c .
Lemma 2.1.([25],Theorem 9.5.])

Qu, ) = /Q(A(J[:7 u, Vu)) - Vo — B(z,u, Vu)p)dz.

for all non-negative ¢ € C3(Q). Let uve C*(Q) satisfy Qu > 0in Q, Qv < 0inQand u < v
on 99, where the functions A, B are continuously differentiable with respect to the z,p variables
in @ x R x RY, the operator Q is elliptic in Q, and the function B is non-increasing in = for fixed
(z,p) € Q x RN, Then, if either

(i) the vector function A is independent of z;or

(i) the function B is independent of p.

It follows that u < v in Q.

Lemma 2.2.([26], Lemma 2.2]) Let h(z, u, £) satisfy the following two basic conditions:
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(A) h(z, u, £) is locally Holder continuous function in © x R x RY and continuously differentiable
with respect to the variables v and ¢&;
(B) For every bounded domain Q1 CC €, for any M > 0, 3p(21, M) > 0, such that

(@, u, )| < p(, M)(1+ [€[7), 2 € 01,0 <u < M, E € RY.

If problem (1.1) has a supersolution @ € C*(2) and a subsolution v € C*(Q) such that u in
Q, the problem (1.1) has at least one solution u(z) € C*(Q) with u(z) < u(z) < u(z).

3 Proof of Theorem 1.
The proof of Theorem 1 follows from the following more general result.

Proposition 1. Assume that (¢1) and (¢2). Then the inequality boundary problem

—Dpu+Ap—1)|Vul? > a(d(z))g(u), in Q
u >0, in Q (3.1)
u =0, on 90X

(3.1) has no classical solutions.

Proof. Let (\1, ¢1)be the first eigenvalue and eigenfunction of — A, in © subject to a homogenous
Dirichlet boundary condition. It is known that A; > 0 and by normalization, one can assume ¢; > 0
in Q. It suffices to prove the result only for A > 0. We argue by contradiction and assume that there
exists w € C1+*(Q) N C(Q) a solution of (3.1). Using (g1), we can find ¢; > 0 such that u := ¢;? "
verifies

—Apu+Ap—D|Vul’ <a(d(z))g(u), in Q.

By comparison principle, we easily obtain
u>u, in Q (3.2)
We make in (3.1) the change of variable v = 1 — e~*". Therefore

{ — Npv = APV (A —0)P T (A (p — 1)[Vaul” — Apu) > APV (1 —0)Pla(d(z))g(RET), in Q

u > 0, in Q
u =0, on 909Q.
(3.3)
In order to avoid the singularities in (3.3), let us consider the approximated problem
—Npv = APV — )P (5(x))g(e — M), in Q
u > 0, in Q (3.4)
u =0, On 99
with 0 < € < 1, clearly v is a supersolution of (3.4). By (3.2) and the fact that lim,_, o+ 1*{“ =A>0,

there exist co > 0 such that v > c2¢? " in Q. On the other hand, there exist 0 < ¢ < ¢ such that
cpP~! is a subsolution of (3.4) and obviously cg”~' < v in Q. Then, by the standard sub- and
sup-solution method, the problem (3.4) has a solution v. € C*T*(Q) such that

cp” ! <we <w,in Q (3.5)
From (3.4), we have

In(1 — ve)

ve = Gp(AP™V (1 — v )P a(8(x))g(e — 3

)
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where G, is the inverse operator of A}, = —/\,, under the Dirichlet boundary condition.

So,
[ vete = [ GOS0 = v at@ng(- s

Using (3.5), we obtain

M = /vdm

Q
> [ @ara -0 apE)e- "
Q
> C [ Gpla(d(x)))dz
Qs

where Qs D {z € Q;4d(z) < 4}, for some § > 0 sufficient small. Since
Gh(a(6(x)))dz = oo,
Qs

by the above inequality, we find a contradiction. Hence, problem (3.1) has no classical solutions and
the proof is now completed.

4 Proof of Theorem 2.

Let us note first that in our setting problem (1.1) reads

—Opu=a(R— |z)g(u) + flz,u) + A[Vu’™",  |z[ <R
u >0, lz] < R (4.1)
u =0, |z| = R.

In order to provide a supersolution of (4.1), we consider the problem

u >0, lz] < R (4.2)

—Apu=a(R—|z))g(u) + 14+ A\VulP™",  |z| <R
u =0, |z| = R.

Lemma 4.1. Assume (g1), problem (4.2) has at least one solution.

Proof. We are looking for radially decreasingly symmetric solution « of (4.2), that is u = u(r),
0 <r = |z| < R. In this case, problem (4.2) becomes

=[(W' [Py + E2 P2 = a(R = Ja)g(u(r) + 1+ AP, o] <R
u(r) >0, |z < R (4.3)
u(r) =0

Since u(r) is decreasing, that is «'(r) < 0, then (4.3) gives

?IU’I’”M — AP0 = a(R = |z|)g(u(r)) +1, 0<r <R.

|z| = R.

~[(' P2y +

We obtain
(e Y = e (), 0<r <R (44

where
P(r,t) = a(R — |z|)g(t) + 1, (r,t) €[0,R) x (0,00).

753



British Journal of Mathematics and Computer Science 4(5), 749-758, 2014

From (4.4) we obtain
T t 1
u(r) = u(0) — / [e)‘ttlfN/ e sVl (s, u(s))ds]7=1dt, 0<r<R. (4.5)
0 0

On the other hand, due to [13] and to the symmetry of the domain, there exists a solution w = w(r) €

C'*t*(Br(0)) N C(Br(0)) of the problem
—Apw=a(R—|z))glw)+1, |z|<R
w >0, |z < R (4.6)
w=0, || =R

As above we get
T t 1
w(r) = w(0) 7/ [tlfN/ sV (s, w(s))ds]P=Tdt, 0<r < R. (4.7)
0 0

We claim that there exists a solution v € C***(Bg(0)) N C(Br(0)) of (4.5) such that v > 0in [0, R).
Let A = w(0) and define the sequence (vi)r>0 by

(4.8)

vp(r) = A — [l N fot ef)‘sstlw(s,kal(s))ds]ﬁdt, 0<r<R
vo(r) = w.

Since

vi(r) = A—/T[e”tlfN/te’”stl’lb(S,vo(s))ds]ﬁdt
0

0

T t
A—/ [e’\ttl_Ne_M/ sN_lw(s,vo(s))ds]ﬁdt
0

0

\Y]

= Vo (7’)

we have w = vo(r) < vi(r) , then
T t

A _/ [e)‘ttl_N/ e_)‘SsN_lw(s,m(S))dS]ﬁdt
0 0

T t 1
> Af/ [e)‘ttlfN/ e sl (s, vo(s))ds] =T dt
0 0
vi(r)

va(T)

As the above iteration, we reduce v (r) > vir—1(r) for all £ > 2. Hence
w=wvg<vy <wvp <o <o <--- <A, in Br(0).

Thus, there exists T(r) := limp— oo vr(r), forall0 < r < Rand v > 0in [0, R). We now can pass
to the limit in (4.8) in order to get that v is a solution of (4.5) . By classical regularity results we also
obtain 7 € C***([0, R)) N C([0, R]). This proves the claim.

Clearly, v = 7—9(R) is a subsolution of (4.2). On the other hand, we have obtained a supersolution
v of (4.2) such that v > v in Br(0). So, by the standard sub- and sup-solution method, the problem
(4.2) has at least one solution and the proof of Lemma 4.1 is completed.

Proof of Theorem 2. In order to provide a subsolution of (4.1), we consider the following problem

u >0, in |z] <R (4.9)

— Apu=a(R— [z)g(w) + \VaPL, in [z < R
u =0, on |z| =R

754



British Journal of Mathematics and Computer Science 4(5), 749-758, 2014

It is easy to see that the solution of (4.9) is the subsolution of (4.1), next we are looking for the solution
of (4.9).
In [6], it is easy to see that there exists w; € C'T*(Br) N C(Br) such that

— Apu=a(R—|z])g(u), in || <R
u >0, in |z] <R (4.10)
u =0, on |z| =R

It is obvious that @, is a supsolution of (4.9) for all A < 0.
We can obtain easily that there exists u; such that

— Apu=AVulP™!, in Bg(0)
u >0, in Br(0) (4.11)
u =0, on 9Br(0).

It is obvious that u; > 0 is a subsolution of (4.9) for all A\ < 0. By comparison principle, we easily
obtain
El > Hr
Then, by the standard sub- and sup-solution method, the problem (4.9) has a solution u and @; >
u > u,. It follows that u is a subsolution of (4.1).
Let u be a solution of (3.2). For M > 1 we have

— Dy (Mu) = M""'a(R — |a|)g(u) + MP~" + A[V(Mu)|"~!
> a(R—|z))g(Mu) + MP™! + \|V(Mu)|P~ .

Since (f1), we can choose M > 1 such that
MP71 2 f(l', M|u|00)a in BR(O)
Then @, := Mu satisfies

— Dy (@x) 2 a(R —|al)g(@x) + f(z, @) + AIV(@)[P~", in Br(0).

It follows that @y is a supersolution of (4.1). Since Lemma 2.1, we know u < @, in Bg(0). So, (4.1)
has at least one solution.
The proof of Theorem 1 is completed.

5 Conclusions

The boundary value quasilinear differential equation (1.1) are mathematical models occurring in the
studies of the p-Laplace equation, generalized reaction-diffusion theory, non-Newtonian fluid theory,
and the turbulent flow of a gas in porous medium. In the non-Newtonian fluid theory, the quantity p
is characteristic of the medium. Media with p > 2 are call dilatant fluids and those with p < 2 are
called pseudoplastics. If p = 2, they are Newtonain fluids. When p # 2, the problem becomes more
complicated since certain nice properties in herent to the case p = 2 seem to be lost or at least
difficult to verify. The main differences between p = 2 and p # 2 can be founded in [23,24]. When
p = 2, it is well known that all the positive solutions in C*(Bp) of the problem

Au+ f(u) =0 in Bgr
u(z) =0 on OBgr
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are radially symmetric solutions for very general f(see [27]). Unfortunately, this result does not
apply to the case p # 2. Kichenassary and Smoller showed that there exist many positive nonradial
solutions of the above problem for some f (see [28]). The major stumbling block in the case of p # 2
is that certain nice features inherent to the case p = 2 seem to be lost or at least difficult to verify.
In this paper, we first give some necessary preliminary knowledge. Secondly, we further study the
non-existence of positive solutions to problem (1.1) which the right hand side functions are singular
with gradient terms based on the method of sub-supersolution. Finally, we consider the existence of
positive solutions for singular quasilinear elliptic equations with gradient terms for (1.1) in Bg.

Acknowledgment

The authors would like to thank the referee for his/her suggestions in the revision of this work. Project
Supported by the National Natural Science Foundation of China(No.11171092); the Natural Science
Foundation of the Jiangsu Higher Education Institutions of China(No.08KJB110005).

Competing Interests

The authors declare that no competing interests exist.

References

[1]M.A. Herrero and J. Vazquez. On the propagation properties of a nonlinear degenerate
parabolic equation, Communication in Partial Differential Equations. 1982;7(12):1381-1402.

[2]) J. R. Esteban, J. L. Vazquez. On the equation of turbulent filteration in one-dimensional
porous media, Nonlinear Anal. 1982;10: 1303-1325.

[3] Ahmed Mohammed. Positive solutions of the p-Laplacian equation with singular nonlinearity,
J.Math. Anal. 2009;352:234-245.

[4] Daging Jiang, Xiaojie Xu. Multiple positive solution to a class of singular boundary
value problems for the one -dimensional p-Laplacian, Computers and Math. with Applications.
2004;47:667-681.

[5] Josévaldo Goncalves, Carlos Alberto P.santos. Positive solutions for a class of quasilinear
singular equations, Comm. Math. Phys.Electronic J. of Differential Equations. 2004;2004:1-15.

[6] Junli Yuan, Zuodong Yang. Elliptic and asymptotic behavior of radially symmetric ground
states of quasi-linear singular elliptic equations, Applied Mathematics and computation.
2010;216:213-220.

[7] J.V.A. Goncalves, M.C. Rezende, C.A. Santos. Positive solution for a mixed and singular
quasilinear problems, Nonlinear Anal. 2011;74:132-140.

[8] Kanishka Perera, Elves A.B. Silva. Existence and multiplicity of positive solution for
singular quasilinear problems, J. Math. Anal. Appl. 2006;323:1238-1252.

[9] Kanishka Perera, Zhitao Zhang, Multiple positive solutions of singular p-Laplacian problems
by variational methods, Journal Mathematical Analysis and Applications. 2005;3:377-382.

756



British Journal of Mathematics and Computer Science 4(5), 749-758, 2014

[10] Marcelo Montenergo. Existence and nonexistence of solutions for quasilinear elliptic
equations, Journal Mathematical Analysis and Applications. 2000;245:303-316.

[11] Rhouma N.B.,Mosbah M. on the existence of positive solutions for semilinear elliptic
equations with indefinite nonlinearities, J. Differ. Equ. 2005;215:37-51.

[12] Shi J,Yao M. On a singular nonlinear semilinear elliptic problem,
Proc. R. Soc. Edinb. Sect.A, Math. 2008;128: 1389-1401.

[13] Siegfried Carl, Kanishka Perera. Generalized solutions of singular p-Laplacian problems in
RY, Nonlinear Studies. 2011;18:113-124.

[14] Wenshu Zhou. Existence of positive solution for a singular p-Laplacian Dirichlet
problem, Electronic Journal Of Differential Equations. 2008;2008(102):1-6.

[15] Ying Shen, Jihui Zhang. Existence of positive entire solutions of a p-Laplacian problem with
a gradient term, Differential Equations Applications. 2011;2:225-233.

[16] Yong-Hoon Lee, Inbo Sim. Existence results of sign-changing solutions for singular
one -dimensional p-Laplacian problems, Nonlinear Anal. 2008;68:1195-1209.

[17] Zuodong Yang. Existence of positive entire solutions for singular and non-singular
quasi-linear elliptic equation , J.Comput.Appl.Math. 2006;197:355-364.

[18] A. Porretta, S.Segura de Ledn. Nonlinear elliptic equations having a gradient term
with natural growth, J.Math. Pures Appl. 2006;85:465-492.

[19] Ghergu M., Radulescu, V. Sublinear singular elliptic problems with two parameters,
J. Differ. Equ. 2003;195: 520-536.

[20] Marius Ghergu. Singular semilinear elliptic equations with subquadratic gradient terms,
M.Reissig, M.Ruzhansky(eds.), Springer Proceedings in Math. Statistics. 2013;44: 75-91.

[21] Shi J..Yao M. Positive solutions for elliptic equations with singular nonlinearity,
Electro. J. Differ. Equ. 2008;4:1-11.

[22] Taliaferro S. D. A nonlinear singular boundary value problem, Nonlinaer Anal. 1979;3:
897-904.

[23] Z.M. Guo and J.R.L. Webb. Uniqueness of positive solutions for quasilinear elliptic
equations when a parameter is large, Proc.Roy.Soc. Edinburgh. 1994;124:189-198.

[24] Z.M. Guo. Some existence and multiplicity results for a class of quasilinear elliptic
eigenvalue problems, Nonlinear Anal. 1992;18:957-971.

[25] David Gilbar and Neil S Trudinger. Elliptic Partial Differential Equations of Second
Order, Springer-Verlag. 1997.

757



British Journal of Mathematics and Computer Science 4(5), 749-758, 2014

[26] Zuodong Yang. On the existence of multiple positive entire solutions for a class of
quasilinear elliptic equations, International Journal of Mathematics and Mathematical Sciences.
2006;2006: Article ID 34538, 1-19.

[27] Gidas B, Ni W M and Nirenberg L. Symmetry and related properties via the maximum
principle, Comm. Math. Phys. 1979;68:209-243.

[28] S. Kichenassamy and J. Smoller. On the existence of radial solutions of quasilinear elliptic
equations, Nonlinearity. 1990;3:677-694.

[29] Ravi P. Agarwal, Haishen Li, Donal O’Regan. Existence theorems for the one -dimensional
p-Laplacian equation with sign changing nonlinearities, Applied Mathematics and computation .
2003;143:15-18.

©2014 Zhang & Yang; This is an Open Access article distributed under the terms of the Creative Commons
Attribution License http://creativecommons.org/licenses/by/3.0, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your
browser address bar)

www.sciencedomain.org/review-history.php ?iid=360&id=6&aid=2686

758


http://creativecommons.org/licenses/by/3.0

	Introduction
	Preliminary
	Proof of Theorem 1.
	Proof of Theorem 2.
	Conclusions

