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ABSTRACT 
 
We studied the ellipticity and the dependence on the phase lag (lead) (between the semi 
major and the semi minor axes of the field components) of the photoelectron angular 
distribution (PAD) in the non resonant three photon ionization of atomic hydrogen. The exact 
analytical expressions for azimuthal   PAD for 1s, 2s, 3s, 2p, 3p and 3d, initial states, are 
given. 
In comparison with dipole-dipole transitions, the number of quantum paths increases from: 
two to three for s-states; three to six for p-states; four to seven for d-states; while the 
number of angular coefficients goes from four to six, with two asymmetric terms. It is 
important that these asymmetric terms giving rise to the elliptic dichroism (ED), are only 
constituted with the imaginary part of the interference associated to the authorized channels 
leading to final states. Using the ED expression, we have established the phase shift 
isolation’s equation for l=0   instead of l=0,1, initial states, previously. Similarly, it is notable 
that, the submagnetic levels, m=0 for l=1; m=±1, for l=2, initial states, do not contribute to 
the PAD. 
Numerical evaluation of the angular coefficients is given for each state. The PAD shapes 
and the ED signals have been analyzed. It is found that, the maxima or the minima and the 
directions, of the PAD (1s, 2s, 3s, 3p), depend on the competing angular coefficients, which 
in return are affected by the interference terms. It is interesting to note that ,the asymmetric 
terms contribute only when the PAD maxima are shifted from the semi major or semi minor 
axes(2p,3d);and the isotropic shape(1s,2s,2p,3p,3d) is strongly dependent on the isotropic 
term. It is also observed that, when the photoelectron has a preference for the left handed or 
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the right handed, the azimuthal detection difference between these two limit angles is 
reduced of one half  than that obtained for dipole-dipole transitions. The highest ED signal 
(2p, 3p), occurs from the combination of the strong contributing asymmetric terms with the 
competing four first PAD terms. Besides, for 1s initial state, a nonzero ED signal is 
observed, at a particular   value of the phase lag matching  the phase shifts difference, for 
nearly circularly and nearly linearly polarized light. 
 
 
Keywords: Phase lag; ellipticity; multiphoton; ionization; angular distribution; dichroism; 
 
 
 
1. INTRODUCTION 
 
Chirality, or handedness, refers to whether a system likes a left or a right handed screw. In 
quantum mechanics, the left or right handedness of a molecule or an atom can be identified 
by considering its interaction with a polarized light beam. The violation of the left - right 
symmetry leads to dichroism, and is usually observed for chiral molecules, (Huttunen, 2011; 
Persoons, 2011).  Please modify the reference presentation in the text like this  
 
For non chiral systems, since the surprising observation of the circular dichroism in the one 
photon double ionization of Helium (Viefhaus, 1996), researchers have paid much attention 
to dichroism in these systems (Andrei, 2004). Besides circular dichroism, the elliptic one 
seems to be much more fascinating. Thirty four years ago, Bouchiat and Bouchiat (1997) 
using an elliptically polarized photon to test parity violation in Cesium atoms, observed the 
existence of the Glashow, Weinberg and Salam's Z0 vector boson. 
 
Furthermore, Fifirig and Florescu (1998) and Fifirig (2002), in the case of two colour three 
photon ionization of Hydrogen atom; Dulieu et al. (1995) in the case of three and four photo-
detachment of halogen negative ions, have studied the angular distributions by using 
elliptically polarized photons. These studies have not taken into account, in addition to the 
elliptic angle χ, the phase shift δ between the x-semimajor and the y-semiminor elliptic axes 
of the field components, i.e., when the y field component lags behind or leads the x 
component by  δ degrees. The importance of this phase lies, by contrast to the usual 
harmonic phase control Fifirig (2002), in the possibility to observe a nonzero dichroism, if 
one considers e.g. the typical value of the ellipticity corresponding to circularly polarized light 
for which it vanishes, or one approaches linearly polarized light by doing δ → 0. 
 
Recently, we studied the angular distributions in the cases of: three photons linearly and 
circularly polarized Faye et al. (2010) and two photon elliptically polarized Faye and Wane 
(2011a, 2011b). 
 
In the present, we intend to extend these studies to the case of three photon elliptically  
polarized where some differences occur: firstly, as one can see below, for any state, the 
angular distribution of the emitted electron depends on the φ azimuthal angle; that is not 
case as described by Faye et al. (2010); secondly, it is notable, in addition to the presence of 
the quadratic and the real part of the interference, terms,  associated to the quantum paths 
leading to the final states, that occurs at the same time, the imaginary part of the 
interference terms associated to these quantum paths. With respect to Faye and Wane 
(2011a) the number of opened channels increases from four to eight; while the contributing 
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angular coefficients enter two new terms with one asymmetric. As a consequence, these two 
asymmetric terms can strongly affect positively or negatively the dichroism. Besides, an 
important feature is, using   the phase lag, the direct  obtention of the phase shifts continua, 
independently of the radial transition matrix elements, from states of orbital quantum 
numbers l=0 instead of  l=0,1. These results of determining accurate continuum phase shifts 
would be of great interest for experimentalists (Gohedusen and Zimmermann, 1998; 
Nakajima, 2000). 
 
How these angular coefficients are made from these various authorized channels? This 
question must not be avoided even if multiphoton angular distribution  calculations always 
imply intricate calculations especially for  initial states different of the most considered  l=0 
ones. 
 
Furthermore, to resolve the difficulty of the integration over the continuum for the evaluation 
of the radial transition matrix elements of the dipole operator   between complete sets of 
atomic states (discrete as well continuum), we use here, the implicit summation technique as 
described by Faye et al. (2010) instead of the Integral representation of the Coulomb Green 
function used by Faye et al., (2003); Faye (2011). 
 
In section 2, we establish the analytical expressions of the partial transition amplitudes 
appearing in the angular distribution for elliptically polarized light and we derive the 
corresponding azimuthal elliptically angular coefficients A0, A2, A4, A6, B2 and B4  for l = 0 , 
l=1 and l=2 quantum orbital numbers initial states ;in section 3,the analytical expressions for 
the asymmetric terms are established for the two parameters χ and δ; in section 4, we 
discuss our numerical results for 1s; 2s and 2p; 3s, 3p and 3d; initial states. We conclude in 
section 5. In the appendix we give the explicit expressions occurring in the development of 
the two asymmetric terms b2 and b4 for each state of  orbital quantum number l=0,1,2. 
 
2.  ANGULAR DISTRIBUTION CALCULATIONS 
 
Within the framework of the perturbation theory and of the dipole approximation, the 
differential cross section for non resonant three photon ionization (or detachment) has the 
general from Faye et al. (2010) in atomic units: 
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where α is the fine structure constant, pE  and   ke are respectively the energy of the 

incident radiation and the momentum of the ejected electron, Ei ,  
1s

E ,and  
2sE  are the 

energies of the initial and intermediate atomic states ; I is the radiation intensity in W/cm2,  I0 
= 7.019.1016   W/cm2 ; I0 is the unit of field strength and a0 is the Bohr radius. 
 
Writing the initial, intermediate and final states as described by Faye et al. (2010) and 
assuming the polarizationε

r
to be (Faye and Wane, 2011):  
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where xer and yer  are respectively the unit vectors of the semimajor and semiminor axes; 

χ is the elliptic angle ( 2/2/ πχπ ≤≤− ), while δ is the phase lag (lead) between the  
semimajor and the semiminor field components ( πδπ ≤≤− ); Eq.(1) can be rewritten for 
any initial state characterized by its n-principal ; l - orbital and m - magnetic quantum 
numbers as : 
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where the expressions of the partial transition amplitudes ML read : 
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where the coefficients   21

,
λλ
MLC   depend on the quantum numbers l and m; (θ,φ) define the 

direction ke of the ejected electron momentum; )1(arg 1−−+Γ= eL ikLδ  is the Coulomb 
phase shift associated with the different opened channels of final orbital momentum L and,  
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is the radial transition matrix element, M

LY , is the usual spherical harmonic. 
 

We can give now give, for the case of plane polarization in the x-y plane (i. e., when θ = π/2) 
the explicit analytical expressions for the angular distribution for l=0, 1, 2 initial states.  
 
2.1 l=0, Initial States  
 

Three channels are authorized for the ejected photoelectron: 

dkspspkdpsfkdps eee →→→→→→→→→ .3;.2;.1  
By substituting l=0, m = 0 in Eqs. (4) and (5), one easily obtains from Eq. (3),in the case 
where θ=π/2 i.e. in the x y plane which is perpendicular to the direction of propagation of the 
light: 
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Where *).( BAℜ  and *).( BAℑ  denote the real and the imaginary parts of the product of 
the variable A by the complex conjugated of the variable B. 
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2.2 l= 1, Initial States 
 
  The number of opened channels increases and reaches six: 
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Putting l=1 in Eqs. (4), (5) and (6) and successively   m = 1, -1 and 0; we note that the 
magnetic sublevel m=0, does not contribute in Eq.(3). We obtain the same form as in Eq. 
(8), i.e., 
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which have the same form than Equation (9) except for A2,np where the second term related 
to cos22ζ disappears. We note in B4,np the lack of the contributing interference terms 
associated to quantum paths of final orbital momenta 2 and  0. We turn now to l=2 initial 
state. 
 
2.3 l=2, Initial States 
 

Here the photoelectron can take seven opened channels: 
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As a consequence the number of terms drastically increases. 
 
By substituting l=2, in Eqs. (4) (5) and (6) and successively m = +2 ,  -2, +1, -1  and  0 , and 
using the same process as for l=0, 1, we note that the magnetic sublevels m=±1 do not 
contribute to the PAD; after some tedious calculations  Eq.(3) adopts the same form 
 as Eq. (11), where: 
 
 the coefficient,  
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and the angular coefficients  A0,3d, A2,3d, A4,3d, A6,3d, B2,3d and B4,3d are given by: 
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The sixteen needed relevant transition matrix elements LT

21λλ  that appear in Eqs.(10), (11) 
and (12) have been derived by several authors : using either the Coulomb Green's functions 
sturmians expansion (Maquet, 1977) or the Dalgarno - Lewis method in a closed integral 
form Radhakrishnan and Thayyullathil (2004). As announced in the introduction, we use 
here the implicit summation technique by Faye et al. (2010) used very recently for 1s,2s,3s, 
2p and 3p initial states, in the case of linearly and circularly polarized light, at wavelength 
comprising between the two and the three photon thresholds ionization. 
 
3. THE χ AND δ ASYMMETRIC TERMS 
 
It appears that the elliptic dichroic effects can be observed in the (B2,ns, B4,ns), (B2,np, B4,np), 
and (B2,3d, B4,3d), asymmetric terms of Eqs.(8), (10) and (12),respectively ,in a compact form. 
As ζ in Eq(2),depends on both χ and δ parameters, one can obtain now the difference 
between the left and right polarized light in two ways as shown by Faye  and Wane (2011). 
The first one depending on the elliptic angle χ named χ

ζ
±D , at fixed value of the δ phase lag, 

defined as: 
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The second one depending on the phase lag (lead) δ: δ
ζ
±D ,with: 
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The above equations show that the analytical expressions of  χ

ζ
±D   or  δ

ζ
±D  are related 

either to the couples (B2,ns, B4,ns) of Eq.(8), (B2,np, B4,np) of Eq.(10), and (B2,3d, B4,3d) of Eq. 
(12). The general form of R is given by: 
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In these expressions the occurrence of the imaginary part of the interference terms 
associated with the different paths leading to the final states, reflects their strong 
dependence on the incoming photons, i.e., with the ionization process. But, in the case 
treated here, we limit ourselves to photons with energies comprising between the two and 
three photon threshold ionization. Then the radial transition matrix elements LT

21λλ are real. 
In (B2,ns, B4,ns), (B2,np, B4,np), and (B2,3d, B4,3d) all the interference terms corresponding to the 
same final orbital momentum L vanish. Then the difference χ

ζ
±D or δ

ζ
±D can be obtained 

explicitly for each state as follow: 
 
 3.1 l=0 Initial States 
  
From Eqs. (2),(9),(13) or (14), one gets: 
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with:  
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Has the same form as Eq.(15)   
 
 3.2 l=1 Initial States 
  
Eq.(2),(11) and (13) or (14), give: 

{ }φζφδχβφφδ
ζ 4sin2cos2sinsin)4sin2sin(2 ,4,2,4,2 npnpnpnp bbtgBBD +=+=±     (16) 

 
or 
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)4sin2sin(2 ,4,2 φφχ
ζ npnp BBD +=±                                                                               (16’) 

 
has the same form as Eq.(16). 
 
3.3 l=2 Initial States 
 
From Eqs.(2),(12) and (13) or (14), one obtains: 

{ }φζφδχβφφδ
ζ 4sin2cos2sinsin)4sin2sin(2 3,43,23,43,2 dddd bbtgBBD +=+=±    (17)    

or 
)4sin2sin(2 3,43,2 φφχ

ζ dd BBD +=±                                                                                (17’)                                     
has the same form as Eq.(17)           
 
The terms (b2,ns , b4,ns) contain only the real transition matrix elements, whereas (b2,np , b4,np) 
and (b2,3d , b4,3d) are combinations of the sine of the phase shifts difference of the continua. 
We give them in the appendix. 
 
Furthermore, it appears from Eq.(15), if: δ= δ3 - δ1,    by using the properties of the Γ function 
appearing in the Coulomb phase shift, (Faye and Wane, 2011), that the energies of the 
photoelectron are directly related to the phase lag as: 
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 the same form has been obtained by Faye and Wane (2011) for hydrogen atom initially in its 
3p excited state. 
 
 Thus if χ = π/4, the analytical expression for the dichroic term δ

ζ
±D from Eq.(15) is given by: 

)4sin2cos2(sin)(sin
))(sin1(
))(sin1(2

,213
2

2
13

2
13

2

φζφδδ
δδ

δδδ
ζ +−

−+
−−

=±
nsbD                       (19) 

  
One notes that the quadratic form of the sine of the phase shift difference of Eq.(19) is not 
possible for the np of Eq.(16) and 3d of Eq.(17) cases, due to the presence of three and two 
different Coulomb phase shifts in the couples(b2,np  b4,np) and (b2,3d b4,3d) (Appendix) for which 
it is not possible to find a single phase δ that is equal to all three or two phase shifts at the 
same time. Although these results have been established for hydrogen, Eq.(18) is general 
and should apply to the case of complex atoms with suitable  modification of the kinetic 
energy. Eq.(19) describes an isolation equation of the phase shift through the phase  δ, e.g. 
if δ → 0 (i.e. for small values of the phase), to first order with respect to δ, δδ ≈sin  and 

1cos ≈ζ , as a consequence: Eq.(2)shows that the three photons are nearly linearly 
polarized along the semimajor axis, Eq.(19) behaves as: 
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which is nonzero, although its value is relatively very weak; on the other side, 

 δδ ≈tg  from which it follows from Eq.(18) ( 26 ek <<1 ) that: 
5
δ

≈ek  . 
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This small value of the photoelectron energy corresponds to the near threshold   ionization 
within the first Born approximation (Bethe and Salpeter, 1957). 
 
The applications of Eqs.(19)and (19') displayed in Fig.(1), exhibit a left handed photoelectron 
distribution in the cases where δ= δ3 - δ1     and  δ= 10-3 rad, respectively. Recently, using 
linearly polarized light, Ricz,S. et al.(2007) have observed a surprisingly nonzero left-right 
asymmetry in noble gases. 
 
4. NUMERICAL RESULTS AND DISCUSSION 
 
We restrict ourselves on the ζ dependence as shown in Eq.(2). 
 
 4.1 The Fundamental State 
 
Table 1 shows for λ=250 nm, some numerical values of the angular coefficients A0,1s , A2,1s  
A4,1s, A6,1s,   B2,1s and B4,1s calculated for a given ζ. The coefficient B2,1s is positive only for 
ζ=500 and 600 whereas B4,1s is always negative. These coefficients have the same 
magnitude as A0,1s. The smallest contribution is noted for the A6,1s at ζ= 200  ,  400 and   500. 
These values can be understood if one refers to the lack of the interference terms 
contributions in its expression; that is not the case for ζ=600 where    it is superior to the value 
of A4,1s for which the first quadratic term appearing  in A4,1s Eq.(9) and related to channel 1/ 
of subsect.2.1, contributes destructively. 
 

Table 1. Three photon ionization (λ=250 nm): numerical values of the angular 
coefficients A0,1s , A2,1s , A4,1s ,A6,1s , B2,1s and B4,1s , in cm6/W2sterad, as a function of 

the ellipticity parameter ζ, for Hydrogen atom initially in its fundamental state 
H(1s).The format A(n) means A×10n 

 
Angular 
coefficients 

       ζ=200          ζ=300          ζ=400          ζ=500          ζ=600   

A0,1s 2.2893(-47) 1.3722(-47) 7.7348(-48) 7.7348(-48) 1.372(-47) 
A2,1s 1.8569(-47) 6.0233(-48) 8.203(-49) -1.0739(-48) -8.1246(-48) 
A4,1s 1.2505(-48) 5.3292(-49) 6.4274(-50) 6.425(-50) 5.3269(-49) 
A6,1s 8.081(-51) 2.1619(-49) 9.0516(-51) -9.0516(-51) -2.3554(-48) 
B2,1s -7.2974(-48) -6.4179(-48) -2.5339(-48) 2.5244(-48) 6.4155(-48) 
B4,1s -5.5907(-48) -3.2090(-48) -4.3998(-49) -4.3998(-49) -3.2090(-48) 

 
Fig.1, shows I(φ), the PAD in polar coordinates, and the corresponding elliptic dichroic 
(ED)signal R(φ), in Cartesian  plots. The results are given for three values of  ζ: 200,  400 and 
600. In addition, the special case for which χ=450 and δ =δ3 - δ1   has also been considered. 
 
A two lobed PAD is noted for ζ=200 with maxima directed along φ=1650 (3450}); for ζ=400 the 
distribution is nearly isotropic while for ζ=600 it is stretched along the direction of 
φ=67.50(247.50). An isotropic PAD is obtained for the special case where ζ=43.830 (χ=450 
and δ=δ3-δ1). A two lobed shape directed along φ=900(2700) is obtained for ζ=10-3rad (χ=450, 
δ =10-3rad). One can explain the isotropic shapes for ζ=400 and ζ=43.830, from the relatively 
strong isotropic term A0,1s which is not sensitively modified by the others terms. For ζ=10-3 
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rad, the minima noted at φ=00(1800) can be explained by the strongly destructive 
contributions of the A2,1s}and A4,1s} to the PAD. 
 
The corresponding ED signals for ζ=400, show two maxima at φ=1350(3150) and two minima 
at φ=37.50(217.50); while for ζ=600 they are at φ=52.50(232.50) and φ=127.50(307.50);it is 
notable that the ED for ζ=200 shows four maxima at φ=750; 1420; 2550 and 322.50  and four 
minima atφ=37.50;1050; 2100 and 2850. The strongest signal obtained with ζ=600 comes from 
the destructive contributions   of the coefficients A2,1s and A6,1s .These negative values would 
come from the positive role played by the interference between the channels : 1/2,1/3 and 
2/3,in subsection 2.1.The ED signal for ζ=43.830(corresponding to nearly circularly polarized 
light ζ=450) which we have amplified by 5, exhibits maxima at φ=450(2250) and minima at 
φ=1350(3150).In addition, for ζ=10-3rad(χ=450,δ=10-3 rad),for which the photons are nearly 
linearly polarized along the semimajor axis, we have amplified the dichroic signal by 3. 104 to 
allow the observation of the positions of the two maxima at φ=40(1800) and minima at 
φ=1800(3560). 
 
4.2 The 2s and 2p Excited States 
 
Table 2, in a way similar to Table 1 gives for λ=860 nm, the angular coefficients for: (a) the 
A0,2s, A2,2s, A4,2s, A6,2s, B2,2s and B4,2s of the 2s excited state; and (b), the A0,2p, A2,2p, A4,2p, 
A6,2p, B2,2p and B4,2p of the 2p excited state. For case (a), the B4,2p takes always positive 
values while the B2,2s takes negative values for ζ=500 and 600. These negative values come 
from the fact that the destructive interference term between channels 1/2 is strongest   than 
that constructive between channels 1/3.On the other hand, the B4,2s values are inferior to that 
of B2,2s, regardless the value of the ζ.The smallest value of the coefficients is obtained for 
A6,2s for ζ=400 and 500. 
  
For case (b),the B4,2p takes always positive values as in (a) while the B2,2p takes negative 
values for ζ=200, 300 and 400. These negative values can be understood from Eq.(11) where 
among the eleven interference terms, between channels   of final orbital momenta, 
L=4,L=2;L=4,L=0;and L=2,L=0;five  of them with the maximum,(between channels 3/6 of 
subsect.2.2) give destructive contributions. On the other hand, the positive values of the B4,2p 
come   from the two strongest constructive interference   terms between channels 1/3 and 
1/6. The smallest value of the coefficients is obtained for A6,2p for ζ=400 and 500.We note 
that, regardless the values of ζ, the contributions of the (B2,2p,B4,2p) to the PAD are strongest 
than (B2,2s,B4,2s). 
 
In Fig 2 as in fig 1, we present the PAD :(a), for 2s and (b)for 2p, excited states. In fig 2(a): 
for ζ=200,a two marked lobes directed along the y- semiminor axis is noted, while for ζ=400,a 
isotropic shape is obtained; for ζ=600, the two maxima are directed along the x-semimajor 
axis, with a shallow minimum noted along the y-semiminor axis. These shapes can be 
explained if one refers to the PAD of Eq.(8), and replaces φ by zero. 
 
One sees that for ζ=200 the negative contributions of both A2,2s and A4,2s, lead to a low 
minimum; while for ζ=600,the maxima come from the strong positive contributions of A0,2s 
and A2,2s which cancel the negative contributions of A4,2s and A6,2s. On the other hand, the 
isotropic shape comes from the isotropic term A0,2s which is relatively not modified by the 
others terms.  
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ζ =20° ζ = 40° ζ = 60°

ζ = 43.83° ζ = 10-3 rad
 

 
 

 
 

Fig. 1. Three photon ionization (λ=250 nm) of H(1s) with elliptically polarized light defined by varying the ellipticity ζ: φ- 
dependence of the photoelectron angular distribution (PAD), I(φ) in polar diagram, and the corresponding elliptic dichroic 

(ED) signal R(φ) in Cartesian plots. 
Full circles, ζ=200; dashed line, ζ=400;  solid  line, ζ=600 ; Chain lines, ζ=43.830(χ=450 and  δ=δ3 - δ1), R(φ) has been multiplied by 5; 

Triangles line, ζ=10-3rad (χ=450 and  δ=10-3rad),the amplitude has been multiplied by 3.104. 
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Table 2. Same as in Table 1, but for λ=860 nm: (a) for H(2s)  and (b) for H(2p), where the second subscript appearing in each 

coefficient is replaced by 2s and 2p respectively 
 

a) 
 

ζ=200 ζ=300 ζ=400 ζ=500 ζ=600 

A0,2s 5.3441(-43) 6.7922(-43) 7.7381(-43) 7.7381(-43) 6.7929(-42) 
A2,2s -2.9695(-43) -2.5522(-43) -1.046(-43) 1.0916(-43) 2.9460(-43) 
A4,2s -1.8330(-43) -7.8141(-44) -9.4170(-45) -9.4170(-45) -7.8072(-44) 
A6,2s 8.8435(-44) 2.4596(-44) 1.0301(-45) -1.0301(-45) -2.4589(-44) 
B2,2s 7.7312(-44) 7.2821(-44) 2.8769(-44) -2.8769(-44) -7.2821(-44) 
B4,2s 6.3487(-44) 3.6431(-44) 4.9959(-45) 4.9959(-45) 3.6424(-44) 

 
b) 
 

ζ=200 ζ=300 ζ=400 ζ=500 ζ=600 

A0,2p 7.6483(-43) 1.3940(-42) 5.085(-43) 5.6354(-43) 1.3936(-42) 
A2,2p -3.6272(-44) 8.7438(-43) -3.3762(-44) -6.5336(-44) -8.7406(-43) 
A4,2p -4.3481(-44) 5.1703(-45) -2.2341(-45) 4.6175(-46) 5.1864(-45) 
A6,2p -1.5957(-44) -5.2978(-45) -1.8590(-46) 1.6427(-46) 5.3134(-45) 
B2,2p -8.1204(-44) -7.3719(-43) -2.8212(-44) 2.9110(-43) 7.3719(-43) 
B4,2p 2.8718(-43) 2.3606 (-43) 2.2613(-44) 3.238(-44) 2.7751(-43) 
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The corresponding ED signals exhibit: two maxima: at φ=150(1950) for ζ=200; at φ=300(2100) 
for ζ=400, and at φ=112.50(192.50) for ζ=600;and two minima: located at φ=1650(3450); 
φ=1500(3300) and φ=67.50(247.50) respectively. However, the amplitude corresponding to 
ζ=400 has been multiplied by 10.This low amplitude is the consequence of the relatively 
small contributing asymmetric terms B2,2s, B4,2s. In fig 2(b), a four lobed PAD is obtained for 
ζ=200 with two shallow minima at φ=67.50(247.50) and φ=1650(3450); a truncated isotropic 
distribution for ζ=400, while for ζ=600,the PAD shows a two marked lobes pointing along 
φ=600(2400).The shallow minima exhibited for ζ=200, are due: for φ=67.50(247.50),to the 
destructive asymmetric terms B2,2p, B4,2p, associated with the negative A6,2p term ,which 
lower the constructive terms A0,2p and A2,2p; for φ=1650(3450), to the negative asymmetric 
term B4,2p associated with the destructive terms A2,2p,A4,2p,which lower the positive values of  
B2,2p,A0,2p. As to ζ=600,the maxima obtained for φ=600,would   come from the combination of 
the constructive terms A0,2p, A2,2p and A4,2p which   cancel the negative ones A6,2p, B2,2p and 
B4,2p.The truncated isotropic distribution  is due to the relatively high contribution of the 
isotropic term A0,2p. 
 
The corresponding ED signals exhibit: for ζ=200 as well for ζ=400, which have been 
amplified by 3 and 10, respectively, four maxima located at φ=150(112.50),φ=1950(292.50) 
and φ=150(1200), φ=1950(3000),respectively; four minima at φ=600(1650), φ=2400(3450);and 
φ=600(1650), φ=2400(3450);respectively. While for ζ=600, the signal shows two maxima at 
φ=22.50(202.50) and two minima at φ=157.50(337.50).The highest  ED amplitude displayed 
for ζ=600,is obtained owing to the combination of the strong asymmetric contributions of B2,2p 
and B4,2p associated to destructive A2,2p term. 
 
4.3 The 3s, 3p and 3d, Excited States 
 
Table 3, in a way similar to Table 1 gives for λ=2420 nm, the angular coefficients for: (a),the 
A0,3s, A2,3s, A4,3s, A6,3s,B2,3s and B4,3s of the 3s state;(b), the A0,3p, A2,3p, A4,3p, A6,3p,B2,3p and 
B4,3p of the 3p state and (c),the A0,3d, A2,3d, A4,3d, A6,3d,B2,3d and B4,3d of the 3d state. 
 
For case (a), the B4,3s} takes always positive values while the B2,3s takes negative values for 
ζ=500 and 600. These positive and negative values can be understood from the constructive 
interference term between channels 1/2 which is over the destructive one between channels 
1/3 subsect.2.3. On the other hand, the B4,3s values are inferior to that of B2,3s,regardless the 
values of  ζ .The smallest value of the coefficients is obtained for A6,3s for ζ=400 and 500. 
 
In case (b),the B2,3p takes negative values only for ζ=500 and 600   while B4,3p  takes always 
negative values .These obtained signs, for B2,3p are the result of the two constructive 
interference between channels 1/4 and between channels 1/6, associated to all the others 
destructive ones. The same remark holds for B4,3p . B2,3p is stronger than B4,3p regardless the 
value of the ζ ,and a great difference between them is noted for ζ=500. 
 
For case (c), the B2,3d takes positive values only for ζ=500 and 600    while B4,3d takes always 
positive values. As in case (b), the B2,3d values are stronger than  B4,3d  values; great 
differences are noted between them for ζ=400 and ζ=500.These signs can be explained if 
one considers Eq.(12),where in B2,3d, the seven destructive terms with the strongest 
interference between channels subsection 2.3, 1/3, 1/2, 1/4 and 2/6, are over the seven 
constructive ones. The situation is inverted for B4,3d, where the nine positive terms are over 
the six negative ones. 
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ζ =20° ζ = 40° ζ = 60°

(a)
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(b) 
 

 

 
 

 
Fig. 2. The same as in Fig 1 for the first three curves, but λ=860 nm: (a) for H(2s) and (b) for H(2p); the corresponding 

amplitudes for ζ=400 have been multiplied by 10 in (a) and (b) 
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In fig 3 as in fig 2, shows the PAD for: (a), 3s; (b),3p; and (c),3d; excited states.  The PAD in 
fig 3(a), shows for ζ=200 two marked lobes along the y-semiminor axis with shallow minima; 
for ζ=400 a two lobed shape is also obtained in the same direction, but a nonzero minimum 
is noted for the semimajor axis. For ζ=600 the distribution shows a pronounced two lobes 
shape directed along the x-semimajor axis. 
 
The nearly zero minima noted for ζ=200 are the result of the A2,3s, A4,3s negative 
contributions, which nearly sweep the isotropic term ; for ζ=400, the isotropic term is less  
affected by the same negative terms, which leads, as a consequence to  shallow minima; for 
ζ=600 the A2,3s now contributes positively to the PAD, while A4,3s is always negative, but, not 
enough strong to modify the constructive terms; finally the maxima occur along the 
semimajor  axis. 
 
All the corresponding ED signals exhibit, for ζ=200,400 and 600 two maxima located at: 
φ=7.50(187.50); 300(2100) and φ=97.50(277.50), respectively; two minima at 
φ=172.50(352.50),1500(3300) and φ=82.50(2620).We have multiplied by 10 the ED signal for 
ζ=400to allow the observation of this low signal. 
 
In fig 3(b), the PAD shows two lobed shape for ζ=200 and 600,aligned towards the x-
semimajor and nearly the y-semiminor axes, respectively; whereas for ζ=400   a truncated 
isotropic distribution is observed. If φ=0, one can note that, the maxima observed for ζ=200 

are due to the strong positive contributions of the A0,3p,A2,3p and A4,3p, to the PAD; that is not 
the case for ζ=600 where only the A4,3p subsists; as a consequence,  nearly zero minima 
occur. 
 
The corresponding ED signals exhibit for ζ=400 and 600 two maxima at  φ=4502250 and 
φ=1650(3450) and two minima located at φ=1350(3150) and φ=150 (1950), respectively; the 
same situation is observed for ζ=200 where the strongest ED signal shows two maxima at 
φ=600(2400) and two minima positioned at φ=112.50(292.50). But, we have amplified by 10 
the corresponding amplitude for ζ=400.The observed strong ED for ζ=200, comes from both 
to the positive contributions of the asymmetric terms B2,3p, B4,3p and the presence of the two 
negative terms A2,3p,A4,3p . 
 
In fig 3(c), the PAD displays two isotropic shapes for ζ=200 and 600   whereas for ζ=400, it 
shows a two lobes shape directed towards φ=1200(3000) with shallow minima at 
φ=150(1950).These isotropic shapes are due to the strong value of the contributing isotropic 
term, which is less affected by the others positive or negative terms of the PAD. For ζ=400, 
all the six terms of the PAD, contribute positively to give the maxima noted in that direction. 
   
The corresponding ED signals exhibit for ζ=200,400 and 600, two maxima located at 
φ=1350(3450); φ=1500(3300) and φ=450(2250); and two minima at φ=450(2250); φ=300(2100 
and φ=1350(3150), respectively. We have multiplied by 3 the low ED signals corresponding to 
ζ=200 and 600. The strongest signal for ζ=400, is the result of the strong contribution of the 
B2,3d  coefficient. 
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Table 3. Same as in Table 1, but for λ=2420 nm : (a) for H(3s) , (b) for H(3p) and (c) for H(3d), where the second subscript 
occurring in each coefficient is replaced by 3s, 3p and 3d, respectively 

 
a) 
 

ζ=200 ζ=300 ζ=400 ζ=500 ζ=600 

A0,3s 2.2291(-41) 1.8115(-41) 1.539(-41) 1.539(-41) 1.8115(-41) 
A2,3s -1.1223(-41) -1.3660(-41) -5.973(-42) 6.8224(-42) 2.070(-41) 
A4,3s -1.0908(-41) -4.6473(-42) -5.6048(-43) -5.5048(-43) -4.6473(-42) 
A6,3s 1.6873(-42) 4.6940(-43) 1.9655(-44) -1.9655(-44) -4.6915(-43) 
B2,3s 1.5358(-42) 1.3507(-42) 5.3347(-43) -5.3347(-43) -1.3505(-42) 
B4,3s 1.1764(-42) 6.7537(-43) 9.2627(-44) 9.2627(-44) 6.7537(-43) 

 
b) 
 

ζ=200 ζ=300 ζ=400 ζ=500 ζ=600 

A0,3p 3.0584(-39) 3.5887(-39) 1.0361(-39) 1.2121(-39) 3.5879(-39) 
A2,3p 3.9769(-39) 3.5920(-39) 1.2260(-40) -7.3222(-40) -3.5911(-39) 
A4,3p 1.4412(-39) 5.0004(-40) 7.4049(-41) 6.0292(-41) 4.9988(-40) 
A6,3p -2.239(-41) 2.6001(-42) -2.6041(-43) -1.0885(-43) -2.3554(-42) 
B2,3p 2.1884(-480) 1.0656(-39) 7.5988(-41) -4.2066(-40) -1.0656(-39) 
B4,3p -5.3270(-41) -5.6854(-41) -4.1935(-42) -7.7961(-42) -5.6838(-41) 

 
c) 
 

ζ=200 ζ=300 ζ=400 ζ=500 ζ=600 

A0,3d 4.0508(-40) 1.7426(-40) 3.7679(-41) 3.2588(-41) 1.7421(-40) 
A2,3d -2.8424(-41) 6.1915(-42) -8.2292(-42) 4.5766(-43) 2.6342(-42) 
A4,3d -1.6026(-41) -1.7671(-42) 7.3994(-43) -2.1309(-43) -1.7666(-42) 
A6,3d 6.3585(-43) 2.425(-43) -1.691(-45) -1.0154(-44) -2.4241(-43) 
B2,3d -4.8688(-41) -1.6537(-41) -2.5339(-41) 6.5303(-42) 1.6537(-41) 
B4,3d 2.8458(-42) 5.946(-43) 2.2399(-43) 8.1555(-44) 5.946(-43) 
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ζ =20° ζ = 40° ζ = 60°
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(c)
 

 

 

Fig. 3. The same as in Fig. 1 for the first three curves, but for λ=2420 nm: (a) for H(3s), (b) for H(3p) and (c) for H(3d);  
the corresponding amplitudes for ζ=400 have been multiplied by 10 in (a) and (b), while in (c) for ζ=200 and 600 the 

coefficient is 3. 
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5. CONCLUSION 
 
In the present work, we have shown that the non resonant three photon azimuthal 
photoelectron angular distribution (PAD) can be  analytically expressed in the plane 
polarization, for initial states with orbital quantum numbers l=0,1 and 2 , 
 

• as: A0 + A2cos2φ + A4cos4φ + A6cos6φ + B2sin2φ + B4sin4φ; where the angular 
coefficients A0 A2, A4, A6, B2 and B4,depend on the energy and the ellipticity ζ. 

 
This ellipticity depends on two parameters: the elliptic angle χ and the phase           
difference between the x-semimajor and the y-semiminor axes of the field components. 
 

• It is observed that the expressions of the elliptic dichroism (ED) (the last two terms) 
built with the phase lag parameter has the same form as that obtained with the 
elliptic angle. Besides, for l=0 states and from the phase lag and these ED terms, we 
have extracted information about the photoelectron energies. 

• Furthermore, it has been noted no contribution to the PAD, from the magnetic 
sublevels m=0 for l=1 ,and m=±1 for l=2 initial states. 
 

From the numerical results: 
 

• the coefficients, A0, A2, A4, A6, B2 and B4,exhibit the following characteristics :they 
are all        positive or negative, non linear variation; lowest and strongest values for 
1s and 3p initial states, respectively; strongest differences between B2 and B4 for 3d 
initial state. For each state, the positive or the negative sign of the B2, B4 
asymmetric terms, can be explained from the constructive or the destructive 
interference between the channels associated to the different quantum paths 
leading to the final states.  
 

• The azimuthal PAD display   lobed shapes. The maxima are directed either along 
the semimajor or along the semiminor axis for 1s, 2s,3s and 3p initial states; they 
are shifted from these axes, for 2p and 3d states. Except for 3s state, an isotropic 
shape is also observed for all the others states. 

 
• We have found that, when the maxima for the lobed shapes are directed along 

these axes, no contribution of the asymmetric terms is noted; but they contribute if 
the distributions are shifted from them. As to the isotropic shape, it would be due to 
the relatively high contribution of the isotropic term A0, with respect to the others 
coefficients, regardless their sign. 

 
• As for the corresponding ED signals, except for 1s and 2p initial states where four 

maxima (four minima) have been observed, all exhibit two maxima and two minima. 
In the case where the photoelectron has a left handed preference, the first 
maximum is always located at values of the azimuthal angle φ≤600, while for the 
case of right handed preference, it is located at φ≥750.Strongest ED signals 
observed for 2p, and 3p states, coincide with the minima of the PAD. The highest 
amplitudes come from the combination of the relatively strong asymmetric terms, 
associated with a relatively strong destructive second PAD term. 
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• Furthermore, for 1s state, a nonzero ED signal has been observed for nearly 
circularly polarized light; a weak ED signal has also been obtained for nearly 
linearly polarized photons related to the first Born approximation.  

 
These results were obtained for the hydrogen atom, but could give insight into more complex 
atoms. The extension of these calculations to the total cross section dependence with the 
both two keys parameters, (the elliptic angle and the phase lag) will be the subject of future 
work. 
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APPENDIX 

We gather here the explicit expressions of the angular coefficients (b2,ns, b4,ns) of 
Eq.(15),(b2,np , b4,np) of  Eq.(16), (b2,3d}, b4,3d) of Eq.(17). 
 
From Eq.(15) one gets: 

 121123101123,2 60
1

48
1 TTTTb ns −−=                                                                                 (A1) 

121123101123,4 60
1

48
1 TTTTb ns −−=                                                                                  (A2) 

 
From Eq.(16) one obtains: 
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and  
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  From Eq.(17) it comes: 
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and, 
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