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In this paper, we derive the M-lump solution in terms of Matsuno determinant for the combined KP3 and KP4 (cKP3-4) equation
by applying the double-sum identities for determinant and investigate the dynamical behaviors of 1- and 2-lump solutions. In
addition, we derive the Grammian solution for the cKP3-4 equation and construct the semirational solutions from the
Grammian solution. Through the asymptotic analysis, we show that the semirational solutions describe fusion and fission of
lumps and line solitons and rogue lump phenomena. Furthermore, we construct the cKP3-4 equation with self-consistent
sources via the source generation procedure and present its Grammian and Wronskian solution.

1. Introduction

The Korteweg-de Vries (KdV) equation plays an important
role in the development of the soliton theory. In 1895, Kor-
teweg and de Vries derived the KdV equation to model
moderately small shallow-water waves [1]. They also pre-
sented a large set of permanent wave solutions including sol-
itary wave solution for the KdV equation. In 1965, Zabusky
and Kruskal discovered the remarkable particle-like behav-
ior of solitary wave solutions to the KdV equation [2]. In
1967, Gardner et al. invented the inverse scattering trans-
form to solve the Cauchy problem for the KdV equation
which leads to the discovery of the integrable systems soon
afterwards [3]. Besides modeling shallow-water waves, the
KdV equation has arisen in the study of stratified internal
waves, nonlinear acoustic waves, plasma physics, lattice
dynamics, geophysics, quantum field theory, string and con-
formal field theory, etc. [4-9]. The KdV equation in nondi-
mensional form is

Uy + Uy, + 6UL, =0, (1)

Several (2 + 1)-dimensional generalizations of the KdV
equation including Kadomtsev-Petviashvili (KP) equation

[10], Date-Jimbo-Kashiwara-Miwa (DJKM) equation [11],
Nizhnik-Novikov-Veselov (NNV) equation [12-14], Boiti-
Leon-Manna-Pempinelli equation [15], Ito equation [16],
and Bogoyavlenskii’s breaking soliton equation [17] have
been derived. In Ref. [18], the authors proposed a novel inte-
grable (2 + 1)-dimensional extension of the KdV equation
which is a combination of the KP equation and the DJKM
equation, called the combined KP3 and KP4 (cKP3-4) equa-
tion which is written as

Uy = a(6uth, + ity = 3W)) +b(2wu, — 2, + Uy, +4un, ), u,

=Wy, Uy, = Zyy.

(2)

The cKP3-4 equation is physically interesting because it
exhibits line soliton molecules involving any number of line
solitons, but the KP equation and DJKM equation do not
have line soliton molecules. Furthermore, the cKP3-4 equa-
tion possesses the D’Alembert-type solutions including var-
ious new types of solitons and soliton molecules.

Lump wave is a kind of multidimensional localized wave
decaying algebraically in all directions in the space. In 1977,
Manakov et al. derived the analytical lump solutions of the
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KP1 equation applying inverse scattering method [19]. In
[20], the authors developed a method to obtain lump solu-
tions to the soliton equations by taking the long wave limits
of the N-soliton solutions. Since then, lump solutions for the
numerous nonlinear evolution equations are constructed
through inverse scattering method, Darboux transformation,
Backlund transformation, long wave limit method, Hirota
bilinear method and symbolic computation, etc. [21-25].
In this paper, we apply the Hirota bilinear method and
determinant technique to derive the M-lump solution in
terms of Matsuno determinant for the cKP3-4 equation.

Semirational solution describing resonant collision
between multiple waves can be obtained from Grammian
solution. The solitary waves and their resonant interaction
can be used to study interesting phenomena in the realistic
model such as web-shaped waveforms. As one case of reso-
nant interactions, the resonant collision between lumps
and line solitons is first studied in [26] and has attracted
intensive attention [27-29]. The resonant collision of lumps
and line solitons describes the phenomena of merging of
lumps and line solitons into line solitons or detaching of
lumps and line solitons from line solitons. Another interest-
ing phenomenon appears for the resonant collision of lumps
and line solitons when lumps are emitted from a line soliton
and then merge with remaining solitons after a period of
time, which is called the “rogue lump” [30-32]. In this
paper, we construct the semirational solution for the cKP3-
4 equation from its Grammian solution and discuss the res-
onant collision between lumps and solitons.

The soliton equations with self-consistent sources model
various physically interesting processes. These kinds of sys-
tems are usually applied to describe interactions between dif-
ferent solitary waves and have important applications in
hydrodynamics, plasma physics, and nonlinear optics
[33-43]. For example, the KP equation with a self-
consistent source [38-40]

U, +6uu, + U, — 36;11,1},), = —K|¢|i,

Sify = + U, o

models the interaction of a long wave with a short-wave
packet propagating on the x,y plane at an angle to each
other, where u(x, y, t) is the long wave amplitude, ¢(x, y, f)
is the complex short-wave envelope, and the parameter «
satisfies x* = 1. The solutions for the soliton equations with
self-consistent sources have been derived by applying vari-
ous methods such as inverse scattering methods [38-40],
Darboux transformation methods [44-46], Hirota’s bilinear
method and Wronskian technique [47-50], and deforma-
tions of binary Darboux transformations [51, 52]. A new
algebraic method, called the source generation procedure,
has been proposed in Ref. [53] to construct and solve the sol-
iton equations with self-consistent sources in a systematic
way. In this paper, we construct the cKP3-4 equation with
self-consistent sources by applying the source generation
procedure and derive its Wronskian and Grammian
solution.
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The structure of this paper is as follows. In Section 2, we
present the M-lump solution in the form of Matsuno deter-
minant for the cKP3-4 equation and investigate the dynam-
ics of 1- and 2- lump solution. In Section 3, we first derive
the Grammian solution for the cKP3-4 equation and then
construct the semirational solution from the Grammian
solution. We also illustrate the resonant collision between
lumps and solitons. In Section 4, we construct the cKP3-4
equation with self-consistent sources by applying the source
generation procedure and derive its Grammian and Wrons-
kian solution. A conclusion and discussion are given in Sec-
tion 5.

2. M-Lump Solution for the cKP3-4 Equation

In this section, we construct the M-lump solution expressed
in the form of Matsuno determinant for the cKP3-4 equa-
tion and prove the M-lump solution satisfies the bilinear
cKP3-4 equations (4) and (5) by utilizing the double-sum
identities for determinant [54]. We also analyze the dynam-
ics of the 1- and 2-lump solutions for the cKP3-4 equation.

Through the dependent variable transformations u =2

In (F),,,w=21n(F),,
iliary variable 7, the cKP3-4 equation (2) can be transformed
into the bilinear form [18]

,z=2In (F),, and introducing aux-

{DxDT+a(3D§—Di)DF~F=O, (4)

[a(2bDiD, -3D,D, +3D,D,) + bDyD,|F- F=0.  (5)

Proposition 1. Nth-order rational solutions of cKP3-4 equa-
tions (4) and (5) can be expressed in the following determi-
nant form:

2i 2i
0,
P =P Pi—Pn
2i 0 2i
F= P>~ P g P=Pn > (6)
2i 2i GN
Pn—P; Pn—D:

where 0;=x+py—(3ap] + bp})t - 3apit + 0](-0)(j= 1---N)
in which p;(j=1---N) are complex parameters and 61(.0)(]'
=1---N) are arbitrary complex constants. Furthermore, if
we take N=2M (M is a positive integer) and p; =py. .
(9(»0))* = Ggfl)ﬂ-(j =1--- M) in (6), we obtain the M-lump solu-

i
tion of the cKP3-4 equation.

The proof of Proposition 1 is given in Appendix A.
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The M-lump solution given in Proposition 1 can be writ-
ten in the following form:

, (7)

where ()7 denotes the transpose of the matrix; C and A are
M x M matrices defined by

2i 2i 2i
p—pPi PP Py~ Py
2i 2i 2i
A=| py—pi PP3 PPy |> (8)
2i 2i 2i
Pu—P1 Pu—D> Py~ Pu
0, 2i 2i
Pi—P Py —Pum
2i 0 2i
C=| P~ 2 Pr=Pm |> ©)
2i 2i
0
Py—P1 Pm—Ps M

in which 0;=x+p.,y - (3ap; + bp;)t - 3apiz + 0](-0)
,2,+++, M. It is known that the determinant given in (7) is
positive [19, 20]. Therefore, M-lump solution u=2
(In Fy),, is the nonsingular rational solution.

If we take M =1 in (7), we obtain the following 1-lump
solution for cKP3-4 equations (4) and (5):

for j=1

5
% P lp
1 1 4
F, = . ‘01‘2_ 2
2i o (py— 1)
Pi-p !
=x+py— (3apt +bp})t - 3apiT + 9(1()),

(10)

which is real and positive. By calculating the local maximum
value of the multivariable function u =2(In F,) ., we obtain
the trajectory [x(t), y(t)] for the peak of 1-lump:

0,2=0,0,;=0, (11)

where 6, ; and 6, ; denote the real and imaginary part of 6,,
respectively, and

6, =x+a,y— [3a(o] - B7) + bay, (of —ﬁf)r+0§?}){,

0,=Py- [6““1ﬁ1 +bp, (3"@ - ﬁ%)]t

-3p7)]t - 3a(aq
—6aa, 3,7+ 95?,),

(12)

in which a; =Re (p,), 5, =Im (p,),0

L =Re (0,), 017 =1
(6,). Figure 1 shows the 1-lump solution u=21In (

1
F)xx

the (x,y) plane by taking t=0.5,7=0,a=1,b=1,p, =1+

0.9i,6\” =
If we take M =2 in (7), we obtain the following 2-lump
solution for cKP3-4 equations (4) and (5):

0 2i 2i 2i
PP PP PP
21 2i 2i
92 PR
F, - P _‘pl ‘ PP P _'Pz ’ (13)
2i 2i 0 2i
pi-p Pi-p, ' PP
2 2 2i .
* * * * 62
Pr—=P1 P2—Pr Pr—Di

where 0, =x + p;y — (3ap} + bp})t - 3apit + 9;0)(j =1,2).
By expanding the determinant in (13), we obtain

4

4
F,=10,]%16,* - CARS 16,/°
SR () L (i ) e
4 4 4
% p0,-—> @go-_— > 90
(Pt _P;)z e (P1_P2)2 e V2 _P2)2 e
4 16
- 070, +
(-3 0 (e -y (i - p3)
16 16

+

R e R

(14)

For the asymptotic analysis of lump 1, when 6, ; =0,
0,7 =0, because |0,|=0(t) as t— +oo, we obtain the

asymptotic form of lump 1 which is denoted as F
equation (14):

~ <|01|2_ ﬁ) |02|2 aSt—>iOO, (15)
1 1

which is equivalent to

from

~ 16, -

———— ast — 09, (16)
(P - pi)°
by noticing u=21n (F) . In the same way, we can derive
the asymptotic form of lump 2 which is denoted as F ) from
equation (14):

ast — +oo. (17)

4
~ 0 |2_ —
’ (Pz_Pz)z

We conclude from above asymptotic analysis that 2-
lump solution (14) describes the elastic interaction between
two lumps and the phase shifts of two lumps during the
interaction are zero. Figure 2 shows the elastic interaction
between two lumps on the (x, y) plane at different times by



()

Advances in Mathematical Physics

T T T T 1
-60 -40 -20 0 20 40 60 80

(®)

FIGURE 1: (a) The 1-lump solution u for cKP3-4 equation (2). (b) Density plot of (a).

FiGUre 2: The interaction of two lumps for cKP3-4 equation (2): (a) t = -4, (b) t=0.5, and (¢) t =4.

taking T=0,a=1,b=1,p, = 0.1 + 0.9, p, = 1 - 0.5i,0\" =
6y =0
0 = o.

3. Grammian and Semirational Solution of the
cKP3-4 Equation

In this section, we derive the Grammian solution for the
cKP3-4 equation and construct the semirational solution
from the Grammian solution. We also illustrate the several
semirational solutions graphically.

Proposition 2. cKP3-4 equations (4) and (5) possess the fol-
lowing Grammian solution:

G=®wmmgﬁwam=qﬁjﬂ%@, (18)

where f ., g (r,s=1,---,N) are functions of x, y,t, T and f , g,
(r,s=1,---,N) satisfy the following dispersion relations:

Pf, 0

f. o'f,
_:4
or a

oxt’

(19)

of, __.

o°f, 0 o’
ay_ axz, fr fr=4a fr_zbl

0x3’ ot 0x3

99, _

s =

2 3 3 4
99; 99 _4q99: 99: _ 4y 99 | 5,9 9
oy 0x? " ot

ot 0x3 ot 0x3

The proof of Proposition 2 is given in Appendix B.
To obtain the N-soliton solution for the cKP3-4 equa-
tion, we take

fo=énE =px—iply+ (4ap] — 2bip})t +4ap)T + & o(r=1,---N),

(21)

g, =€ n,=qx+iqy + (4aq] +2biq})t + 4aqit + 1 (s=1,---N),

(22)
in the Grammian solution (18), where p,, g, &, 11, are arbi-
trary complex constants. Furthermore, to construct the

semirational solution for the cKP3-4 equation, we introduce
differential operators A,, B, as [55]

&:Z%@@)’@=

ai(a2,)""  ©3)

where c,;, d; are constants and #,, #, are positive integers. If
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we choose f,, g, as
f,=Aé", g, =Be(r,s=1---N), (24)

in (18), where ¢> and ¢ (r,s=1,---, N) are given in (21)
and (22), we obtain the following semirational solution for
the cKP3-4 equation

n, K
Crs + 8(5'“1-‘) Z o (E: +‘Drap )n «
k=0

1

G =det —_—
Pyt

M=

dy (ﬂl + qsaqx) "

T
&

1<rs<N

(25)

where &) =p x - 2ip?y + (12ap> — 8bip*)t + 12ap’t, 1. = q.x

+2ig’y + (12aq; + 8big?)t + 12aqt(r,s=1,---,N). The fun-
damental semirational solution which is obtained by taking
N =1, n; =11in (25) is written as

G=C,, +elbr+m)

1
R | )('+d _ 4 >+ P i
(El " Pt aq i Pt 4, (P +q1)2 byt q,

(26)

where we have taken c,, = d,, = 1. Furthermore, If we take
P1=4}> ¢;; =dj, in (26), then through the dependent vari-
able transformation u =2 In (G),,, we obtain

wes =203 +285 + (1/2p3 ) +2p, P Crre™ (pypld +pyals + 21, + (3/4p, ) (€, £0)
[(li + li + (1/4P%,R)) (‘PI‘Z/ZPI,R) + Cllffr]2

(27)
where

L=x+2py+ [12a(p g - p1 ) +8b(3p oy, — P1)) |t

1
+12a(p?, — p* T+Re(m>— )
(Pl,R pl,I) P1 Pix

Ly ==2p, gy + [24ap, 1), — 8b(P} g — 3P, k1) ]
+24ap, pp, ;7 +Im (%) > (28)

1

T=2p, px+4p, ppy 1y + [8a(pi g — 31001

+ 4b(4PiRP1,I - 4P1,RP?,I)]t +8a (P?,R - 3PI,RP%,I)T
+2Re (&)

The fundamental semirational solution (27) describes
the resonant collision between one lump and one soliton,
in which the peak of lump moves along the trajectory [x(¢)

y()]:
1,=0,1,=0. (29)

And the lump reaches maximum amplitude 16p7, at
point A, and attains minimum amplitude —2p7, at the

points A,, A, in which

(12001 p10) =800 2+ 2080 )= 120+ )= 2 1o (41)
1, 1

‘1 1 2 2 ! (CH>
—Re [— )+ , |12ap, , —4b -3 t+12ap, 7+ — Im | — |),
(Pl ) 2P [ Pl (Pue PU” Pr 21k P )

c
Az([’lza(P%,R *P%,l) —8bp,; (ZP%.R + ZP%J)]t’ 12“(17%,11 *P%J)T’ % Im (f)
1R 1

c 1 \/5 1 C,
—Re A>+ + L [12ap, , —4b(p? p = 3p%,)|t + 12ap, T+ —— Im (A>),
<P1 2pir 2P [ Pus (pl’R Pu)} Pus 2p1x Py

Ay ( [‘12“(17?,}1 +Pi1) - 8bp,; (ZP%,R + ZP%,I)} L= 12“(1’%,1{ "‘P%,I)T - % Im (%)
1,4 1

c 1 \/5 1 [
—Re A)*’ - , [12ap, , —4b(p? = 3p% )|t + 124, r+—lm<ﬂ> .
(Pl 20 2018 [ Prt (Pl P“)} Prt 2Pk P )
(30)

The maximum amplitude of the lump in the fundamen-
tal semirational solution (27) is

(172p3 ) +2Cy, |py|* (3/4p, ) e s
[Crie T + (|1 */8p38) ]
[S¥!

T pax = =P p16(a + 2bp, | )t — 16ap; ;7 + Re (£}5) — 2p; z Re <?> +1,
1
(31)

and the minimum amplitudes of the lump in the fundamen-
tal semirational solution (27) are

Uly, = Umax =2

() 200l (34 2,5 )e o
[Cllefr“““ + (|P1|2/2P?,R)]2

u‘Az = umin 1=

Tpin 1 = =P1 p16(a+ 2bp, )t — 16ap} ,7 + Re (§,5) = 2p; 5 Re (%) +1+/3,
1

(32)

~(Up2g) +2Cu|p, (3 - 2\/§/2p1,R) -

[Cne_r“““ 2+ (‘Pl |2/2P?,R)]2
Ina= _P?,R16(‘1 + 2bP1,I)t - 16“P?,RT

+Re (§)9) —2p, z Re (%) +1-+/3.

1

u|A3 = umin 2=

(33)

Below, we investigate two interesting phenomena exhib-
ited during the interaction between a lump and a line
soliton.

(i) Fusion: we consider the case where p7 ,16(a + 2bp, ;)
|4

>

>0. As t — —co0, we obtain u,,, — 64p; p/|p,
Uin 1 — —8P1 /1Py " thin 2 — =8pi /1P, |*, which
shows that the lump always exists before it interacts
with line soliton. As t — +00, we have u,, — 0,
Upin1 — 0, U , — 0, which indicates that the
interaction between lump and line soliton results in
annihilation of lump. Therefore, the fundamental
semirational solution (27) describes the fusion of one
lump and one line soliton in this case. We illustrate
the fusion process of fundamental semirational solu-
tion (27) graphically in Figure 3. As displayed in
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F1GURE 3: The fundamental semirational solution (27) with p; =1+4,q, =1-i,a=1,b=1,7=0,¢;; =1,d;; =1, C;; =1, &, =7,,=0: (a)

t=-1/2,(b) t=0, and (c) t=1/2.

(b)

(0

F1GURE 4: The fundamental semirational solution (27) with p, =1-4,q, =1+i,a=1,b=1,7=0,¢;;=1,d,; =1, C;; =1, &, =#,,=0: (a)

t=-2,(b) t=0,and (c) t=2.

Figure 3, there are a line soliton and a lump at t = —1/2
. Then, the lump travels toward the soliton and merges
with the soliton at t = 0. When ¢ = 1/2, the lump van-
ishes completely and only the soliton exists

(ii) Fission: we consider the case where pj p16(a+2b
p1;) <0. As t — —00, we obtain u,,, — 0,
— 0, u,,;, , — 0, which shows that the lump does
not exist before it interacts with line soliton. As ¢
— +00, we have u,,,, — 64p} o/|p,[*

_SP%,R/|P1 |4

> Umin 1

4 . ..
s Upin 2 — —8p1 /Ip;|”", which indicates

that the interaction between lump and line soliton
results in creation of lump. Therefore, the funda-
mental semirational solution (27) describes the fis-
sion of one lump and one line soliton in this case.
We illustrate the fission process of fundamental
semirational solution (27) graphically in Figure 4.
As shown in Figure 4, there is only one soliton at ¢
=-2 and a lump starts to split from the soliton at
t=0. When t=2, the lump completely separates
from the soliton
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F1GURE 5: The high-order semirational solution u =2 1In (G),, where G is given by (34) withp, =1+i,q,=1-i,a=1,b=1,7=0,¢,=1,

d,=1,C=1¢&,=1,=0:(a) t==1/2, (b) =0, and (c) t = 1/2.

To demonstrate the fusion and fission processes of mul-
tilumps and multiline solitons, we investigate two cases of
nonfundamental semirational solutions.

Case 1. When N =1, n, =2, we obtain the high-order semi-
rational solution for the cKP3-4 equation as follows:

d
G =t <M+c12W+ ‘12 12) +Cyp (34)
pita,

where

(3,10) (b1 + )~

+q,)?-2 +
W=-q, Py +4)" ~29,(py +41) " .
P +a)

Py +a)!

!

1 4 M
| ——— + ,
1( (P +ar)’ P1+q1)

dip(py +4,)° = 2pdio(py +4y)

1

M=p, <8P1W+p16P§W—

P+ )
dyy (0,81 ) (py + 1) — d1o)
. (BPIE;)W-'—E;BPIW-'— 12( Py 1) 1 21 1261
(P1+ 1)
p1d1n ' E;dlz
+&(po, W— S1T12 gy 2112 )
1<p1 " er+a) bt

(35)

in which we have taken ¢, =d,, =1, ¢;; =d;; =0. The high-
order semirational solution (34) describes the resonant
interaction between one soliton and two lumps. We demon-
strate the fusion and fission processes of high-order semira-
tional solution (34) graphically in Figures 5 and 6,
respectively. As shown in Figure 5, the two lumps immerse
into the line soliton, so we observe only one line soliton in
Figure 5(c). In Figure 6, there is only one line soliton at ¢
= —2. As time progresses, two lumps arise from the line sol-
iton and then the two lumps separate completely from the
line soliton.

Case 2. When N =2,n, =1 (r =1, 2), we obtain the multiple
semirational solution for the cKP3-4 equation which is
expressed as

a,, a
G= | 2| (36)
dy 4y
in which
a.,=C +e(51“71){<fl+c — pl )
11 =0 .
'(”Ii+d11_ 0 >+ P1da . 1 ,
pitq; (p1+q) | P+
a.,=C +e(£1+’72)|:<€’+c — pl
12=Cp ren T o
1
) (’7;+d21 _ D ) +_P1D . ’
p1+q2 (P1+q2)_P1+‘12
ay, = Cyy + el [(E; 6 - P )
byt q;
. (7’];+d11 _ 4 ) 4+ P . 1 ,
p2+‘Z1 (P2+q1)_P2+‘J1
a,, = Cyy + e&*m) [(% +6yy — P >
Pt 4,
1
) (,1;_,_(121 _ D ) . P . ’
Pt P+ ) | P2t
(37)

where we have taken ¢;; =1, d;, = 1. The multiple semira-
tional solution (36) describes resonant interaction between
two lumps and two line solitons. We illustrate the fusion
and fission processes of multiple semirational solution (36)
graphically in Figures 7 and 8, respectively. As displayed in
Figure 7, the two lumps approach two intersecting solitons
and eventually fuse into the solitons. As shown in Figure 8,
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FIGURE 6: The high-order semirational solution u =2 1In (G),, where G is given by (34) withp, =1-1i,q; =1+i,a=1,b=1,7=0,¢,=1,

d,=1,C=1%,=#,=0:(a) t=-2, (b) t=-0.2, and (c) t=2.

(a)

F1GURrEe 7: The multiple semirational solution u =2 In (G),,, where G is given by (36) with p, =1 +4,q, =1—1i,p, =1+ (1/2)i,q, =1 - (1/2)i
, A= 1, b: 1, TZO, 1= 1, d“ = 1; € = 1 +i; d21 :1—i, Cll = 1, C12:C21 :0, C22:2) 610:71102520:7']20:0: (a) t:_1/2) (b) t:O; and

(c) t=1/2.

the two lumps arise from the two intersecting solitons and
then separate from the solitons.

In order to demonstrate the rogue lump phenomenon,
wetake N=2and n,=2-r,n,=2—-s(r,s=1,2) in semira-
tional solution (25) and impose some parameter constraints.
The semirational solution (25) with N=2 and n, =2 -, n,
=2—5(r,s=1,2) can be expressed as

an 9

G= , (38)

Y]

where

1
a,. =C,. +e&1tm) (g' __ P ) ( T4 ) 4D :
11 1 |: 1 Pt m P +4, 3 +q1)2 Pt

1
a,=0C,, + e(El'H?Z) (E' — pl ) )
o Yopita)pita,

1
4y =C +e<Ez+m(,,r_ @ ) ,
no Yopta)pta

a,, =C +e(§z+’72) R
o pta,

(39)

in which we have taken ¢, =d,, =1, ¢;; =d;, =0. Further-

more, if we take p, =p, g, =p*, C;; =Cy, =1, C, =C,, =0,
&,0=1, (r,s=1,2) in (38), then we obtain

G=1+ ez(‘fx’fflo) ‘E’ — L
2pg

2
+e4ER+2(Elo+Ezo) |p| R
16p%

2 2
ML I
4pr Ip|° ] 2Pr

(40)

where &= px —ip?y + (4ap® — 2bip*)t + 4ap’t, &' =x - 2ipy

+ (12ap* — 8bip®)t + 12ap*t. Noticing the dependent vari-
able transformation u=21n (G),,, we rewrite G in (40) as
follows:

@ = e_z(fk*'fw) LZ +
Ipl

+eZ(ER+{20) 1 .
16pj

1 2

.
2py

v Lot L) L
4pr I ) 2Px

(41)

The semirational solution (41) describes the resonant
collision between one lump and two solitons, in which the
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(a)

FiGURre 8: The multiple semirational solution u = 2 In (G),, where G is given by (36) with p, =1 -
i, Cy=1,Cp=Cy =0,Cp=2,8=1p =

,a=1,b=1,71=0,¢;,=1,d;;=1,¢;=1+i,dy; =1-
t=2.

peak of lump moves along the trajectory [x(t), y(¢)]:

1
& ——=0&=0, 42
-0 (@)
where &' =x+2p,y+ [12a(p} - p?) + 8b(3p2p; — p3)]t + 12

a(py —p7)T and &' =-2ppy+ [24apyp; — 8b(p ~ 3pp7 )t
+24apyp,7. The trajectories of two solitons also can be cal-
culated from equation (41). Soliton 1 moves along

L, =0. (43)

Soliton 2 moves along

where

Ly =2(8g +&10) + L =2(ppx +2pgpyy
+ [4a(py — 3pppy) +2b(4prp; — 4prp7 ) |t
+4a(py = 3pgp)T+8&,0) + L,

Ly =2(8g +&50) — L =2(ppx + 2pppyy
+ [4a(py — 3ppp7) +2b(4prp; — 4prp7) |t
+4a(pp = 3prp7) T +85) — L,

2
Loln L ot L) L
4PR |P| 2pg

For the asymptotic analysis of lump, when &, — 1/2p, =
0,&; =0, we obtain & — +00 as t —> +00 by applying
the relation &y = py&y+ (8a—16p,)pit + 8apit. Thus, we
derive the asymptotic form of the lump denoted as Gy,

1

I
2pp

(45)

(©

iqy=1+i,p, =1~ (3/4)i,q, =1+ (3/4)i
Ey0 =1y =0: (a) t=-2, (b) t =0, and (c)

from solution (40) as follows:

Giymp ~ 1, ast — +00. (46)

Substituting Gy, into tyyy, =210 (Gypyp) - gives

Upymp ~ 0,28t — 00. (47)
For the asymptotic analysis of soliton 1, when L, = 0, the
semirational solution (40) can be expressed as

G=1+|p|*e" + P
16phe?l

62L1+2(§zo—510)’ (48)
and el — +00 when t — +00. Thus, we obtain the follow-
ing asymptotic form of soliton 1 which is denoted as G
from (48):

soliton1

2L 2 2(EptE o)+l
Gsolitonl~1+|p|el—l+|p|e(R 1) ,ast — +00,

Ugoliton1 ~ 2In (Gsolitonl)xx’ ast +00.

(49)

For the asymptotic analysis of soliton 2, when L, = 0, the
semirational solution (40) can be expressed as

—14 |p|zeL2+z (E0-Ea)¥2L |P|

e2Lat2( (&10— Ezu)*'ZL (50)
16PR

and e — +0o when t — +00. Noticing the dependent
variable transformation u =2 1n (G),,, equation (50) can be
written as

G = e 22G0E0) 4 |p2eke + Ipl® ' 51
e |p| € 16p4 ( )

Therefore, we obtain the following asymptotic form of
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soliton 2 which is denoted as G from (51):

soliton2

Gsolitonz ~ eLZ |p|2 (1 + eszln (16‘0?{))) ast — +00, (52)

Usoliton2 ~ 21ln (Gsolitonz)xx’ ast *00.

We conclude from above asymptotic analysis that the
lump exists for a finite period of time, and the solitons do
not change their velocities and shapes before and after the
collision. Therefore, the lump is localized in time as well as
the two spatial dimensions and exhibits rogue wave phe-
nomenon. We illustrate the rogue lump in Figure 9. In
Figure 9(a), there are only two line solitons. Then, the lump
starts to detach from one (soliton 1) of them, as shown in
Figure 9(b). Figures 9(c)-9(e) depict the lump moves toward
another soliton (soliton 2). Subsequently, the lump begins to
fuse into soliton 2, as shown in Figure 9(f). In Figure 9(g),
the lump completely merges with soliton 2.

d,=1/2C,(t) G
~9: 91 TGsn
ho=1/2C,(t)
Cs,1+ stgldx Cs,s—1+ stgs—ldx
where G, (r,s=1,---,N) is the cofactor of element a,,. We
can show that these new functions G,d,, h(s=1,--- . K <N)

satisfy the following bilinear equations:

K

[a(2bD}D, - 3D,D, +3D,D,) + bDyD,|G-G=3a ) d,-h,,
s=1

(56)

(D:-iD,)G-d;=0,5=1,---K, (57)

Advances in Mathematical Physics

4. The cKP3-4 Equation with Self-
Consistent Sources

In this section, we construct the cKP3-4 equation with self-
consistent sources by applying the source generation proce-
dure. Furthermore, we present the Wronskian solution for
the cKP3-4 equation with self-consistent sources and the
cKP3-4 equation.

In order to construct the cKP3-4 equation with self-
consistent sources, we change C(s=1,---,N) in (18) to the
following form:

CSS_{

where C,(#)(1 <s< K < N) are arbitrary functions of time ¢.
The changed G still satisfies equation (4), but it does not sat-
isfy equation (5). Therefore, we introduce other new func-
tions defined by

Ci(t),1<s<K<N,
(53)
C, K<s<N,

s8>

Cls jflgs X
Cs—ls+J s— lgs X
, 54
s+ls J s+lgs X ( )
CNs Jngs
“9N
fi
fs—l
G, fen , (55)
fx
Cs,s+1+ stgsﬂdx Cs,N+ stgNdx fs
(D -iD,)h,-G=0,s=1,--K. (58)

Equations (4) and (56)-(58) constitute the bilinear
cKP3-4 equation with self-consistent sources. Through the
dependent variable transformations

h
u=21n(G), @ = 2,V = o (s= 1K), (59)

QA

the bilinear equations (4) and (56)-(58) are transformed
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FiGURE 9: The semirational solution u =2 In (G),,, where G is given by (40) with p, =1/2, q, =1/2, p, =1/2, q,=1/2, c;y =dyy =1, ¢;; =
d1=0,a=1,b=1,&,=1,=2m &y=1,y==2m, C;; =C,, =1, C;, =C,; =0: (a) t =-25, (b) t=-12, (¢c) t=-6,(d) t =0, (e) t =6, (f) ¢

=12, and (g) t =25.

into the nonlinear cKP3-4 equation with self-consistent
sources:

a(6utt, + t, —3w,) +b(2wu, —z, + u,, + 4un)

X (60)
U= Z (]IISQS)X)
s=1
D, +ud +id, =0, s=1,--K, (61)
Vo tul— i‘I’S’y =0, s=1,---K. (62)

As an application of the Grammian solutions (18), (54),
and (55) for the cKP3-4 equation with self-consistent
sources, we obtain its N-soliton solution by taking

¢2a,(0)
C(t) = ,s=1,-,K<N,
Ps 4,
1
C,= ,s=k+1,-,N,
Ps 4

C,.=0,r#s(r,s=1,--,N),

fr=8& =px—iply+ (dap] - 2bip})t + 4ap}t,r=1,-- N,

g, =€, n,=qx+iq.y + (4aq; +2biq})t + 4aq7,s=1, -+, N,
(63)

where a (t)(s=1,---,K < N) are arbitrary functions of ¢ satis-
fying a,(¢) > 0 for arbitrary . When N =1, K =1, we obtain
the following 1-soliton solution for the cKP3-4 equation
with self-consistent sources

u=2ln (1 + e(51+’71‘2“1(f))> ,

elma:(1)

1+ eErm-2a,()°
olEi-ay (1)

1+ e@Erm=2a,())

¢ =-2/a,(t)(p, +4) (64)
v =2v/a,(t)(py +q1)

When N =2, K = 1, the 2-soliton solution for the cKP3-4
with self-consistent sources is expressed as
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u=21n (1 4 e&rm=2m(t) 4 &) 4 Alzemw+£z+nz—za1<r>>) :

XX

¢ = - a,(£)(p, +q1)(1+ale(’h—ﬂl(0))
1 1+ e&itm—2a,(1) 4 o(&at1m,) 4 Alze(‘flﬂ’lﬁfz*’?z’zal(t)) ’

- a(1)(p; +4y) (1 +beCa®)
v = 1+ e 2a(0) 1 o) 1+ A e & 2a(0)”

(65)

where Ay, = (p, = p,) (9, —9,)/ (P, + ) (P> + 41)> a1 = (q, -

3,)1(py + 1), by = (py = p2)/(P) + )

Proposition 3. The cKP3-4 equation with self-consistent
sources (4) and (56)-(58) has the following Wronskian solu-
tion:

)dN) Na"')l’ as))

he=—=/2y(t)(dg>---
Y 2)15 0’

dy_p Nyoo3ye5,1),

where the Pfaffian elements are defined by

(s @) = P15 (dy dy) = (1,5) = 0, (a1, )

(r,s=1,---,N),

(Ao 1) = 1",
= (e ) =0
(69)

in which m,1 are integers, f,=p,, +(=1)""C,(t)p,,(r=1,
N) where p,,, p,, (r=1,---,N) are functions of x, y, t and

q@={”m’rﬂ““K (70)

C,, r=K+1,---,N,

r

with K <N, K is a positive integer. Here, vy, (t)(r=1,---,K)
are arbitrary functions of t, ¢,(r=K + 1,---,N) are arbitrary
constants, and p,,, p,, satisfy the following relations:

% _ a prl aprl

_4aaspr1 aprl
oy "ox2 ot

o’ o*
= 4q Pr1 — 2bi Pr1

ox3 ot ox3 oxt’
(71)

% a Pr2 aprZ
oy "ox? ot

a3Pr2 aprZ a3Pr2 ~a4pr2
B TR s

(72)
Proposition 3 can be proved by using Wronskian tech-

nique. For example, applying the dispersion relations (71)
and (72), the derivatives of Wronskian G can be expressed

Advances in Mathematical Physics

in the form of Wronskians:

Gixx = (Ao 2ln5> An_3> An_ps Ay_1> Ay Noo+51)
+ (do"" dN 2 Ay Noeosl)
(d N S’dN l’dN+2’N""’1)
(do’ N S’dN’ dN+1’N’ "’1)
(do> N 4’dN—2’dN—l’dN+l’N""’1)’

G, = 4a[(d,, dN pdy>dy 5 dy 1 Nyeeos1)
+ (do»+dy_3> A1 Ay Novo 1)
+ ( Ay dyias Ny oo, 1)]

h dN S’dN’dN 3’dN 2st 15N> "’1)
+( An_gp A1 Ayp> -1 Nowoss1)

+ (do»+dy_3> Ao dy_1p Nye1)

+ (do>+dy_p> 3> Noroo51)]

K
+mewwwamww@mm%>

“©
I
—_

(73)

and equation (56) can be reduced to the following Pliicker
relation for determinants:

24abi[—(dy,--sdy_g» dygs 1> Noeo,1)
’ (dO""’dN—3’ dN—l’ dN> N"">1)
- (do""’st» dN’ dN+2’N"“’1)
(dg> s dy_z> dy_1> Noro,1)
+ (do>++dy_3> An_ys Ay Novoosl)
(dgs > dy> Nyeo2,1)
+ (do> s dy_go An_ys Ay, Noooos1)
(dgsdy_3, dys Nyeoe,1)
- (do""’dep dN+2’N""’1>
’ (do”"’dN—y dN—l’ dy» N"">1)
- (do""’dezp dep dN’ N""J)
(oo N 1)

—6aZy$

dos+++5dy_1> N> "’1) - (do>"‘

N 2 dN)N ’Si.”)l) “S)

( Ay Ay N""’l)
(

CAREE Nl’N>"A 1)
+ (dgs+»dps Nyeoos1, )
(dg>-- dN—Z’N>”"S"">1)] =0.

Similarly, we can show that (66)-(68) is a solution to
equations (4), (57), and (58). By taking y,(t) =c,(r=1,-
K) (c, is a constant) in the Wronskian solution (66)- (68),
we obtain the Wronskian solution for ¢cKP3-4 equations
(4) and (5).
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5. Conclusion

In this paper, we apply the Hirota bilinear method and
determinant technique to derive the M-lump solution in
terms of Matsuno determinant for the cKP3-4 equation.
Furthermore, we obtain the semirational solution for the
cKP3-4 equation from its Grammian solution and illustrate
the dynamical properties of the semirational solution. The
asymptotic analysis of the semirational solutions shows that
they describe fusion and fission processes of lumps and line
solitons and rogue lump phenomena. It is interesting for us
to further study the multirogue lump phenomena for the
cKP3-4 equation by investigating its higher-order semira-
tional solutions. In addition, we construct the cKP3-4 equa-
tion with self-consistent sources via the source generation
procedure and present its Grammian and Wronskian solu-
tion. As an application of the Grammian solution, we derive
the N-soliton solution of the cKP3-4 equation with self-
consistent sources. If we take the special case a=-1,b=0
in equations (60)-(62), we get

6uu, + U, —3 J Uy, dx +u, = —

i (75)

Dy, +UD +iD , =0,5=1, -
Voo tu¥ —i¥, ,=0,s=1,---K,

which is the KP1 equation with self-consistent sources given
in Ref. [45]. And by taking a=0,b=1 in equations
(60)-(62), we obtain

61,1, + 20, J u,dx— J Uy X + U,

K
+ AUty — Uy, = Z (YD) .» (76)

s=1

D, +uUd + i@, =0,5=1,--K,
Vo tu¥ —i¥,, =0,s=1,---K,

which is the DJKM equation with self-consistent sources
[56]. The lump and rogue wave solution for the KP equation
with self-consistent sources is derived in [57, 58]. It is of
interest for us to further investigate the rational solution
and semirational solution of the cKP3-4 equation with self-
consistent sources and their dynamical properties.

Appendix
A. Proof of Proposition 1

In this appendix, we prove that the Nth-order rational solu-
tion (6) given in Proposition 1 satisfies cKP3-4 equations (4)
and (5) applying double-sum identity. For computational
convenience, we define matrix B:

13
B= (brs)|15.,’5§1\]7 (A])
where
%9,, forr=s,
bo={ " (A.2)
, forr+#s.
P, — D

The determinant |B| for the matrix B is the Matsuno
determinant [54]. Applying the double-sum identity [54]:

N
(fr + gs)arsArs = Z(fr + gr>arrArr’

r=1

(A.3)

M=
M=

<
Il
—_
@
Il
—

where A, (r,s=1,---,N) is the cofactor of the element a,, in
an arbitrary determinant A =det [a,,., ..\; the following
identities of cofactors for the Matsuno determinant |B| can
be derived [54]:

N N N
2.2 B.=) B, (A4)
r=1s=1 r=1
N N N
ZZ(Pr +ps)Brs =ZZPTB”, (A.5)
r=1s=1 r=1
N N N
Y Y (0} +pp,+P?)B=3) pB,,  (A6)
r=1s=1 =1
N N N
NN (02 +p,0> + 2, +00)B =4 pB,. (A7)
r=1s=1 =1

where B, (r,s=1,---,N) is the cofactor of the element b, in
Matsuno determinant |B|. We can derive the following dif-
ferential formula for the determinant F by applying
(A4)-(A7):

1
N N-1 B :
F=(2i)"|B|, F, = (2i)"" , (A.8)
1
-1 -1 0
1 2
B : B :
F. =N + ,
1 Pn
pl pN 0 -1 -1 0
(A.9)
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-1 3
b 2abF,,,, — 3aF,, +3aF,, +bE, = ~ab- (2i)"
N-1 : : 2
P (2i) B : B : )
- 2 -1 * Py ’ L p -1
P by 0 |- -0 B B
(A.10) 1 pyl- v -1 |
1 P P Py 000 -1 -1 0 0
N2 B : B :
F, = (21)2 + Al 1 - -1 0 0 py o py O 0
! Py (A.15)
P’ Py 0 -1 -1 0
A1l 3
(a.11) ~6abF., +3aF, - 3aF = ~ab- 2i)N!
L op
: P pi
B :
N B : B
FXT+3aFW—anxm:—3a-(Zz)N 2 I px) i ,
-1 o -1 0 0 Py P
Py - Py O 0 p% pi] 0 P Py 0
(A.12) (A.16)
P 3
B : ~2abF,,, - bF, = ~ab- (2i)N""
~F, +4aF,, =3a- (2i)N"! , (A.13) 2
PN b1 1
-p, - -py O B : B
2 -1 pi] 1
B : B :
E+ Foo= (20" ' ) -1 1o fpl o opy 0
Py -1 (A.17)

1 - -1 0 0
P Px Substituting (A.8)-(A.17) to equations (4) and (5) gives
(A.14) the Jacobi identities for determinants:

[D‘D, +a (3D§ - Dj)] FF=2 (FX,F - E,F, +3aF, F ~3aF} - 3aF, + 4aF, F  ~ aFFXXXX)

Lop

P 1 1 P
B
) B : B : B : B :
=2(2i)?| -3a 1 pyl||B|+3a . ~3a =0,
Py 1 1 2N
-1 - -1 0 0
py v py Oll-1 e -1 0 S T
P oy 00
[a(2bD}D, - 3D,D, +3D,D,) + bDyD, | F - F
=2[2ab(F o F = 3F o F, = F o F, + 3F F,) = 3a(F F = F.F,) + 3a(F F = F.F,) + b(F,.F - F,F,)]
Lop ol 5 5
2 1 Pi 1 ) 1 1 P
B N B
- B : B H B H B H B H B : B : B H
=3ab(2i)*? 1 p}|IBl+ phy 1|B|+ + - - =0.
X X Py 1 P 1 Py 1 1 Py
pr Py 00 -1 - -1 0 0 R , . ,
T 1 e | L S S S O A B PR S | P GO S}
-1 - -1 0 0 P by 00

(A.18)
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B. Proof of Proposition 2 f
1,x
In this appendix, we give the detailed proof of Proposition 2 G
through the determinant technique. We can derive the fol- —G. +4aG.. =12a
. . . . . T XXX >
low1r{g dlﬁ"ferennal formulae for determinant G by applying fax
the dispersion relations (19) and (20):
“Yix “INx 0
fi
G . f 1 f 1x
G, = T, G G :
x I G, +G;, =4 ,
f N f Nx
- - 0
9 9N “Iix “Inx O |- 9y 0
fix fi 2abG,,,, - 3aG,, +3aG,, + bG,,
G G : fre fi i
Gxx = + . > G : G
fN,x fN =12abi lexx fal+ fn fN,x >
—9; —9n 0 _gl,x _gN,,x 0 —91 N 0 0 —91 N 0 0
Iix Inx 0 0 “G1xx N 0 0
f 1 f 1,x
G G : -6abG,,, + 3aG, — 3aG,
G, =i —i ,
Yy fN f f 1xx f 1x
N,x
G : G
“Iix “Inx 0 ~9 9y 0 =12abi + ,
f Nxx f Nx
fl’xx ! “Iix “INx 0 91xx Inex O
G : G
G,, =-i —i g
Y Faae fa ~2abG,,,, - bG,
f 1xx f 1
9 —9n 0 gl,xx gN,xx 0 *
G : G :
=—6ab + .
i S
~ f N,xx f N
G : :
—9: —9n 0 “G1xx “INxx 0
Gx‘r + 3any - anxxx =12a fN fN,x > (Bl)
~9 9y 0 0 L . . .
Substituting equations (A.2)-(A.12) into equations (4)
9ix Ine 0 0 and (5) gives the Jacobi identities for determinants:
fi fie
¢ ; fie h h fre
[Dg),m(wf—uj)]c G:z(o,,c—o,o,$3a<,y,o—3ucf—Saogﬂaqom—ucow):zqa - f‘; };X Gl- . f‘v N f:\‘ . =0,
;' . ;‘m 0 o G e O llgy o gy 00 g o gne Oll-gy o -gy O
[a(2bD}D, = 3D,D, +3D,D,) + bDyD,]G - G = 2[2ab(G,,G = 3G, Gy = Gy G, + 3G, Gy ) = 3a(G,G = G,G,) +3a(G,, G~ G,G,) + b(G,, G~ G,G,)]
fiw i1
. ; . : frw hi fix h fiae fi| h fix
= 24abi Tue Sy |IGl+ fv 1)IG]+ ’ ¢ o ¢ ’ ¢ ol ¢ : ¢ + ¢ : | ¢ -
) Lo ) o Sree Iy Fra Iy i ! I e
7;‘ 7;" 0 o j 7;N o o “Gie 0 Gvx 0 dl=gr o mgy 01 17Gik o e 0 Hl-g) =gy 01 l=¢y = =gy 0 ll=gic = -gy. 01 I-g R/ 0 ll-g, gy 0
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