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Abstract

Let X be an arbitrary Banach space. The establishment of the Henstock-Kurzweil-Dunford-Stieltjes (HKDS)
Integral and Henstock-Kurzweil-Pettis-Stieltjes (HKPS) Integral of an X-valued function over R shows a viable
and more generalized integration process utilizing the notion of dual spaces and weakly measurable
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functions. In this manuscript, the authors have discussed about some convergence theorems of Henstock-
Kurzweil-Dunford-Stieltjes Integral and Henstock-Kurzweil-Pettis-Stieltjes Integral of X-valued functions on
R via uniform convergence with respect to the integrand and integrator.
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1 Introduction

For an arbitrary Banach space X with its corresponding dual and second dual space, X* and X**, it is known that
an X-valued function f over a closed interval [a, b] is said to be Henstock-Kurzweil-Dunford-Stieltjes integrable
with respect to a function g : [a,b] — R of bounded variation over [a, ] if:

(¢) For all z* € X*, the function z* o f : [a,b] — R is HKS-integrable with respect to g on [a, b].

(#4) For each compact subinterval E C [a, b], there exists an element 23 € X** such that

x5 oz = (HKS)/ o f dg
E

for all * € X™.
For a compact subinterval E C [a,b], the value of HKDS-integral on F is

(HKDS) /E fdg=zg[1]

On the other hand, if f : [a,0] — X is HKDS-integrable such that (HKDS)/ fdg € X, particularly
E

(HKDS)/ f dg € e(X), for every compact subinterval E C [a,b], where e is the canonical embedding of
E
X into X**, then f is called Henstock-Kurzweil-Pettis-Stieltjes integrable with respect to g and

(HKPS)/ fdg= (HKDS)/ f dg
B B
is called the HKPS-integral of f over the compact subinterval E C [a,b] with respect to g. [1]

With these integrals, this article is devoted on constructing potential convergence theorems using the notion of
uniform convergence supplementing our existing knowledge on HKDS-integral and HKPS-integral [2, 3, 4]. A
sequence (fn)ne; of functions with common domain F, a function f on F and a subset A of E, we say that the
sequence {fn)n=; converges to f uniformly on A provided that for each € > 0, there is an index N € N for which

|lf —fa] <eon A

for all n > N. [5]

2 Preliminary Notes

Essential terminologies needed in directing the conceptualization of the results are discussed on this section.
Throughout the rest of the paper, we consider an arbitrary Banach space X [6]-[10].

Definition 2.1. [11] A compact interval in R is just a closed interval of the form [u,v] where u,v € R. This
interval is said to be non-degenerate if u # v.
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Definition 2.2. [11] Two intervals [u,v], [y, 2] € R are said to be non-overlapping if
(u,v) N (y,2) = 2.
Definition 2.3. [11] A function ¢ : [u,v] — R" is called a gauge on [u,v].

Definition 2.4. [11] A point-interval pair (¢, [u,v]) consists of a point ¢ € R and an interval [u, v] in R. Here,
t is known as a tag of [u,v].

Definition 2.5. [11] If {([uk,vk]) : K = 1,2,--- ,p} is a finite collection of pairwise non-overlapping subintervals
of [a, ] such that [a,b] = J4_, [ur, vk], we say that {[ux,vx]: k=1,2,---,p} is a division of [a, b].

Definition 2.6. [11] A Perron partition P of [a,b] is a finite collection of point-interval pairs {(tx, [ur, vk]) :
k=1,2,---,p} where {[ux,vr : k=1,2,...,p]} is a division of [a,b] and
ti € [uk,vg] for k=1,2,---  p. Here, ty, is called a tag of [ug, vg].

Definition 2.7. [11] Let 6 be a gauge on [a,b]. A Perron partition
{(tk, [uk,vk]) : k=1,2,--- ,p} of [a,b] is §-fine if [uk, vi] C (tx — 0(tk), tx + I(tx)).

Definition 2.8. [12] A function g : [a,b] — R is said to be of bounded variation on [a,b] if
sup {Z[uk,vk]eD lg(ur) — g(vk)|} is finite where the supremum is taken over all divisions
D = {[ug,vx]} of [a,b].

Definition 2.9. [13] A normed space (X, ||-]|) is said to be complete if all Cauchy sequences in X are convergent.
In this case, X is a Banach space.

Definition 2.10. [5] A sequence {f,} of real-valued functions on D is said to be uniformly bounded on D
provided there is some M > 0 for which
|fnl < M

on D for all n € N.

Definition 2.11. [13] An operator T': V — W between vector spaces V and W is a linear operator if for all
xz,y € V and scalars a,

Tx+y)=Tx+Ty and T(ax)=aTlz.

Definition 2.12. [13] A linear functional is any linear operator f : X — K, where X is a normed space over
field K, where K =R or K =C.

Definition 2.13. [13] Let X and Y be normed spaces and T : 2(T) — Y a linear operator, where 2(T) C X.
The operator T is said to be bounded if there is a real number ¢ such that for all z € 2(T),

[Tz| < cfl=]|-

Here, the smallest possible value ¢ can take is observed on this inequality, HHQ;T\” < ¢ where ¢ must be at least as

big as the supremum of
([ T|] }
czxePT) ;.
{ ]

This quantity is denoted by || T|| and is called the norm of the operator T. If ¢ = ||T||, then
ITll < TNl

In case of linear functionals, we have

[f @) < [1fIll]]-
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Definition 2.14. [13] Let X be a vector space over K. Define

X*={f:X — K| f is a linear functional} and the following operations in X*,

(fr+ fo)(x) = fi(x) + fo(z) and  (af)(z) = af (z).

Then, (X*,+,-) is a vector space and is called the algebraic dual space of X.

Definition 2.15. [13] Let X be a vector space over field K. Define

X*={g9: X" > K| gof forall f € X* where gisa linear functional} and the following operations in
X**7
(gr+g2)of=giof+gacof and (ag)of=a(gof).

Then, (X**,+,-) is a vector space and is called the second algebraic dual space of X.

3 Main Results

The main results of this study is divided into two parts. The first part provides the convergence theorems of
HKDS-integral and HKPS-integral of Banach-valued functions over R and the second part presents the Saks-
Henstock lemma for these integrals [14]-[18].

3.1 Some Convergence Theorems

3.1.1 Uniform Convergence with respect to Integrand

Before presenting the uniform convergence for the integrand of HKDS-integral, we have the following lemma,

Lemma 3.1. Let f : [a,b] — X be bounded linear operator and g : [a,b] — R be a function of bounded variation.
If the HK S-integral of f with respect to g exists on [a,b], then

xs) [ 5 dgHX <|fl- v

for every compact subinterval E C [a,b], where M = sup Z lg(ur) — g(vk)|
[ug,vi]€D

Proof: Let «* € X*. Since f is HKS-integrable with respect to g on [a,b], then (HKS) [, f dg exists. Let
€ > 0 and a compact subinterval E C [a,b]. Since f is HKS-integrable, choose a gauge ¢ on [a, b] such that for
every 0-fine Perron partition P of [a, b], we have

HS(f;g;P)*(HKS)/EfdgH <e.

X

By hypothesis, ||f]| exists. Let Q be a §-fine Perron partition of [a, b]. Notice that,
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[5(f;9: Q)] = Do fE)(glvr) — glur)]

(tr[ug,vE])€EQ

< D> IFR)g(r) — glu)]llx

(t,[ur,vi])€Q

= > )l - lglve) — g(ux)]

(tr>[uk,vE])€Q

< D Il lgtur) = glun)

(tr[ug,vE])€EQ

=IF > lglon) = g(u)

(trs[ur.vr])€EQ

X

< |IfIF- M.
Hence,
HMK$/f@HSA%memK$/f®> IS0 Q)l
E X E <
<e+|IfIl- M.
By arbitrariness of e, the conclusion follows. g

Theorem 3.2. (Uniform Convergence I) Let fy : [a,b] — X and let g : [a,b] — R be a function of bounded
variation. Suppose that (fn)ne1 is a sequence of bounded and HKDS-integrable functions with respect to g over

[a,b]. If fn converges uniformly to f : [a,b] — X on [a,b], then f is HKDS-integrable with respect to g over
[a,b] and

n—o00

lim (HKDS) /E fn dg = (HKDS) /E f dg

for all compact subinterval E C [a, b).

Proof: Let € > 0 and z* € X*. Note that f, converges uniformly to f on [a,b]. So, there exists N; € N such
that for all n > N1, and for all h € [a, b], we have

I
(e + 1) - (1 1) M

L (B) = Sl <

where M = sup {Z[uwk]eD lg(uk) — g(vk) } If myn > N and h € [a,b], then

[1fn(h) = fi (M)l x = lfu(R) = f(R) + f(R) = fm(R)] x
S fa(h) = fF(R)x + ILf(R) = fmn(R)]
€ €
<3 (l*]lx +1) - (M +1) T (l*]l x +1) - (M +1)
. 2-€
C 3 (e +1) - (M + 1)

Consequently, for all m,n > N;, we have

2-¢€
%]l e +1)- (M +1)

o=l € 3¢
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Now, from hypothesis, (z* o f,)52; is a sequence of HKS-integrable functions with respect to g over [a,b] by
Theorem 3.1.5 on [1]. Let E C [a, b] be a compact subinterval. If m,n > Ni, then using Lemma 3.1 and by the
linearity property of the integrand of HKS-integral, observe that

‘(HKS)/Ex* o fn dg — (HKS) /E 0 fin dg‘

" (HKS/Efn dg — HKS/Efm dg)‘

sHm*Hx*-H(HKS)/Efn dg—(HKS)/Efm dgH
X

~ - - |6aKS) [ (= 1)

<"l xe - Nfn = fmll - M

X

2-€
< el - . M
3 ([l + 1) - (M +1)
_2e_,
=3 .
Hence, <(HKS) Jgztofa dg> is Cauchy. Since X is a Banach space, <(HKS) Jgz o fn dg> converges
n=1 n=1

to, say A € X. Thus, there is an N2 € N such that for all n > Na,

H(HKS)/ = o fa dg—AH <<
E X 3

Put N = max{N1, N2}. Observe that z* o fx is (HKS)-integrable with respect to g on [a, b], so we can select a
gauge ¢ such that for any d-fine Perron partition P of [a, b], we have

S o frigi) - (1K) [

"o fn dg' < E.
B 3

Note that from (1), we have

|S(z" o f;9; P) — S(z" o fn; g; P)|

Yo @ UE)(g) —glun) = D @ (fv(te)(glvr) — g(wc))’

(tg[ug,vi])EP (tg[ug,vi])EP

= Y [T U@Dlelon) — glwn)] = " (1) lgn) — glun)]|

(tr,[ug,vk])EP

< X W) 2 Un )] - [glon) — gur)|

(t,[ug,ve])EP

< D e - A R) = A () - [g(or) — glun)]
(tgslug,vp])EP

< 2" - - _ M

- X3 (flat e +1) - (M +1)

€
3
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Hence,
|S(z" o f;9; P) — A| = |S(z" o f;9; P) — S(z”" o fn; 9; P) + S(z" o fn;g : P)

,(HKS)/Ex*ofN dg+(HKS)/Em*ofN dg — A|

< |S(z" o f;9; P) — S(z" o fn; g; P)| + ‘5(1‘* o fn;g; P) — (HKS)/ z" o fn dg’

E

This exhibits the HKS-integrability of * o f with respect to g on [a, b]. So,

lim (HKS)/ z'ofpdg=A= (HKS)/ z" o f dg.

By Theorem 3.1.5 on [1], f is HKDS-integrable with respect to g on [a,b] for all z* € X*. Now, for each n € N,
put

2 p(a") = (HKS) / "o £ dg.
E

Also,

zp (z*) = (HKS) /E:c* o f dg.

This means that for all 2* € X* and n € N, 235 converges to 2% in X**. Hence,

Tz = lim (HKDS) [ f,dg=HKDS) | fdg=1%5.
’ n— oo E E

For HKPS-integral, we have a similar convergence theorem,

Theorem 3.3. (Uniform Convergence I) Let fy : [a,b] = X and let g : [a,b] = R be a function of bounded
variation. Suppose that (fn)nz1 is a sequence of bounded and HKPS-integrable functions with respect to g over
[a,b]. If fn converges uniformly to f : [a,b] — X on [a,b], then f is HKPS-integrable with respect to g over
[a,b] and

lim (HKPS) /E fn dg = (HKPS) /E f dg

n—00

for all compact subinterval E C [a,b].

Proof: Let E C [a,b] be a compact subinterval. The assumption implies that f, is HKDS-integrable with
respect to g over [a, b] such that (HKDS) [, fn dg € e(X) for all n € N. For each n € N, take t,, € X such that

e(tn) = (HKDS) /E fn dg.

By Theorem 3.2, f is HKDS-integrable with respect to g over [a, b] and

n— oo

lim (HKDS)/Efn dg = (HKDS)/Efdg
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which implies limy, o0 €(t,) = (HKDS) [, f dg € e(X). This indicates that f is HKPS-integrable with respect
to g on [a.b]. Consequently, put ¢ € X such that

e(t) = (HKDS) /E fdg

and the equality follows. d

3.1.2 Uniform Convergence with respect to Integrator

Let’s proceed to the uniform convergence with respect to the integrator and it needs the following lemmas,

Theorem 3.4. Let g, gn : [a,b] = R and (gn)s1 be a sequence of functions such that g. converges uniformly
to g and gn is uniformly bounded. If gn is a bounded variation on [a,b] for all n € N, then g is also a bounded
variation on [a,b].

Proof: Let g : [a,b] = R and (gn)521 be a sequence of functions on [a,b]. By assumption, for each n € N, g, is
a bounded variation on [a, b]. This means that for each n € N,

sup$ > [ga(uk) — gn(ve)| p < oo

[ug,vE]€D

This implies that 3, . 1cp[gn(ur) — gn(vk)| < co for each n € N. Let S be a division of [a,b] and let M >0
such that |g.| < M. Note that

> lg(w) = g(v)| =

[u,v]€S [ug,vp]€S

Jm () = Jim g (o)

since g, converges uniformly to g on [a, b]. Now,

Y lgw) =g = >

lim gp(ug) — lim gn(vk)‘
n— o0

[u,v]€eS [ug,vE]€S noee

= > (Jlim lgn(w) g (v)])

[ug,vE]€S

_nlij;o< >, lgn(Uk)—gn(wc)l)
[ug,vi]€S

<1

—JE&( Z Ign(uk)|+gn(vk)l>
[ug,vi]€ES

ﬂ:&( 2 |9n(“k)|)+nl“;o< 2 Ign<vk>>
[ug,vi]eS [ug,vi]eS

<jwm D Ml D, M
[ug,vi]€S [ug,vE]€S

= lim Z 2M =k-2M < oo
[ug,vi]€S
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where k is the number of subintervals on S. Fix M, = k-2M. Then Z lg(u) — g(v)] < M,. Taking the
[u,v]€S
supremum, we have

supd S lgfu) — g(o)] § < M, < oo,
[u,v]€S

Therefore, g is a bounded variation on [a, b]. O

Theorem 3.5. Let f : [a,b] — R be a continuous function and {gn)az1 be a sequence of functions that are of
bounded variation. If gn converges uniformly to g and sup {|D| : D is a division of [a,b|} is finite. Then the

sequence
((HKS) /

[a,b]

oo}

=" (f) dgn)

n=1

is Cauchy for all x* € X*.

Proof: Let ™ € X*. Note that Proposition 3.3.2 on [1] states that 2* o f is continuous on [a, b]. Using Lemma
3.3.1 on [1], " o f is HKS-integrable with respect to g, on [a,b] for all z* € X*. Fix € > 0. For each n € N,
there exists a gauge d,, such that

S(x* o f; gn; Pn) — (HKS)/ " o f dgn
[a,b]

< £
4

for every d,-fine Perron partition P, of [a,b]. Put 6 = inf{é, : n € N}. Let P be a é-fine Perron partition of
[a,b]. Then P is a d,-fine Perron partition of [a, b] for all n € N. This implies

S(x" o fign; P) — (HKS)/ z" o f dgn

<
(a,b] 4

Since z* o f is continuous on [a,b], * o f is bounded in [a,b]. This implies an existence of K > 0 such that
|z*(f(h))| < K for all h € [a,b]. Now, put

W =sup{|D| : D is a division of [a, b]}.

Since g, converges uniformly to g on [a,b], there is N € N such that for all n > N and h € [a, b], we have

g
eSS

lgn(h) — g(h)

By Lemma 3.4, g is a function of bounded variation on [a, b]. Also, g, — g is a function of bounded variation on
[a,b]. Let D be a division of [a,b]. We will now find a bound for
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Y 1gn = 9)(ur) = (g0 = 9)(wr)l,

[ug,vE]€ED

> 1gn = 9) (k) = (gn — 9)(vx)|

[ug,vi]€D

< > Mg =9l + D (gn —9)(we)]

[ug,vE]€ED [ug,vE]€ED

= D lgn(w) —glw)l+ D0 lga(ve) = g(vw)]

[ug,vi]€D [ug,vE]€D

13
< 2 S(K + 1)(W +1)

[ug,vp]€D
.. &£
8(K+1)(W+1)

€ €

W Sk T )W) 8K+

= |p|-

Hence,

|S(z" o f;gn; P) — S(z" o f;g; P)|
=|S(z" o fign — g; P)|

= Y. (FE))(gn — 9)(wr) = (gn — 9)(ur)]

(t>[up,ve])EP

< > = UE)gn — 9) (o) = (90 — 9)(wn)]]

(tr,[ug.vi])EP

< D> @) e — 9) (k) = (gn — 9) (ui)]]

(tg,[ug,vE])EP
< > K- l(gn—9)(vk) = (g0 — 9)(u)]|
(t>[ug,vE])EP

=K Y (g0 —9)(wk) = (90 — 9)(ur)]|
(te,lug,vE])EP

€ €
<K ——" =5
=" 8K +1) 8

So, if m,n > N, then

|S(z™ o f; gn; P) — S(2” o f; gm; P)|
<|S(z" o fign; P) = S(x" o f;9; P)| +[S(z" o f;9; P) — S(x" o f; gm; P)|
=1S(z" o f;9n — g; P)| +S(z" o f; gm — g; P)|
<

=] M ool M
| ™
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Therefore, for all m,n > N,

‘(HKS)/{ . z" o f dgn — (HKS)/ z" o f dgm

[a,b]

(HKS)/ z" o f dgn — S(x" o f;gn; P)

[a,b]
+S(z" o f;gn; P) — S(z" o f; 9; P)
+S(z" o f;9; P — S(x" o f; gm; P)

+S(x*of;gm;P)f(HKS)/ 2" o f dgm
[a,b]

<

(HKS)/ z” o f dgn — S(z" o f;gn; P
[a.b]

+1S(z" o f;gn; P) — S(z" o f;9; P)|
+[S(z" o f;9; P — S(x" o f; gm; P)|

+ S(x*of;gm;P)—(HKS)/ z" o f dgm
[a,b]
<Ef4ELELE
4 4 4 4
=c
which implies that the sequence <(HKS) f[a b ¥ o f dg">Oo is Cauchy. O
? n=1

Theorem 3.6. (Uniform Convergence II) Let f : [a,b] — X be a continuous function on [a,b] and let
(gn)or1 be a sequence of functions on [a,b] that are bounded variation. Suppose that g, converges uniformly to
g on [a,b], then f is HKDS-integrable with respect to g on [a,b] and

n—o0o

lim (HKDS)/ f dgn = (HKDS)/ fdg
E E
for all compact subinterval E C [a,b].
Proof: Let z* € X™. Using Lemma 3.5, the sequence <(HKS) f[a b 5o f dgn>

this sequence converges, so we can fix limp,— o (HKS) f[a . z* o f dgn, = K. It remains to show that K =
(HKS) f[a b x* o f dg. Being convergent implies the existence of N € N such that for all n > N, we have

oo
n

is Cauchy. Consequently,
=1

(HKS)/ o f dgn— A| < Z.
[a.b] 3
Specifically,
‘(HKS)/ 2" o f dgn — Al < % (2)
[a,b]

Since z* o f is HKS-integrable with respect to gn on [a, b], we can choose a gauge § on [a, b] such that

S(f: gw; P) — (HKS) /[ & o do
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for any d-fine Perron partition P on [a,b]. Furthermore, using the part of the proof of Lemma 3.5, we can have,
* * g
1S(@" 0 f39;P) = S(a” o fign; P)| < 3. (4)
Hence, by (1),(2), and (3), we have,

|S(z" o f;9;P) — K| = ‘S(w* o fig;P)—S(a" o fign; P)

+S(:c*of;gN;P)f(HKS)/ z" o fdg
la,b]

+(HKS)/ 2 o fdg— K
[a,b]

<[S(z" o f;9;P) — S(z" o fi gn; P

+1S(z" o fign; P) — (HKS)/ z" o fdg
[a.b]
+(HKS)/ x*ofdgK‘
la,b]
<ELELE
37373
=c.

Thus, K = (HKS) f[a b z* o f dg indicating that z* o f is HKS-integrable with respect to g on [a, b]. So,

lim (HKS)/ "o f dgn = (HKS)/ z" o f dg.
nTreo [a,b] [a,b]

To this end, by Theorem 3.1.5 on [1], f is HKDS-integrable with respect to g and g, on [a,b]. Now, let a
compact subinterval E C [a,b]. For each n € N, put

Thp(z") = (HKS)/ " o f dgn.
E

Also,

25 (%) = (HKS) /Ex* o f dg.

This means that for all 2* € X* and n € N, z,;"s converges to x% in X**. Finally,

zn'p = lim (HKDS) [ fdg, = (HKDS) | fdg==z%.
’ n— oo E E

On Pettis type integral, we have the following uniform convergence with respect to the integrator.

Theorem 3.7. Let f : [a,b] — X be a continuous function on [a,b] and g : [a,b] — R such that (HKDS) [, f dg €
e(X) and let (gn)p=1 be a sequence of functions on [a,b] that are of bounded variation such that (HKDS) [, f dgn €
e(X). Suppose that g» converges uniformly to g on [a,b], then

n—o0o

lim (HKPS) /E f dg. = (HKPS) /E £ dg

for all compact subinterval E C [a, b).

25



Mangubat and Flores; Asian Res. J. Math., vol. 20, no. 5, pp. 14-27, 2024; Article no., ARJOM.117392

Proof: Let E be a compact subinterval of [a,b]. By hypothesis, (HKDS) [}, f dg € e(X) implies f being
HKPS-integrable with respect to g on [a,b]. In a similar manner, for each n € N, (HKDS) [, f dgn € e(X)
implying that f is HKPS-integrable with respect to g, on [a,b]. Fix u,u, € X such that

e(u) = (HKDS)/Ef dg and e(un) = (HKDS)/Ef dgn.

Observe that by Theorem 3.6,

lim (HKDS)/ fdgn = (HKDS)/ f dg.
This indicates that

nhﬂngo e(un) = e(u).

That is, the sequence (e(u,))52; in e(X) converges to e(u). Consequently, the claimed equality follows by
definition of HKPS integral. d

4 Conclusion

Let X be a Banach space. Given a sequence of Banach-valued functions (fn)n=; on R, the presentation of
convergence theorems for HKDS integral and HKPS integral using the notion of uniform convergence with
respect to the integrand and integrator provide sufficient conditions for a Banach-valued function f on R to be
integrable with respect to this sequence [19]-[21]. This is vital especially on predicting the integral values of such
functions efficiently and systematically.

Acknowledgement

The authors express their utmost gratitude to the esteemed organization of the Department of Science and
Technology - Science and Technology Regional Alliance of Universities for inclusive National Development
(DOST-STRAND) for the unwavering financial support on the accomplishment of this study.

Competing Interests

Authors have declared that no competing interests exist.

References

[1] Mangubat DP, Flores GBC. On the henstock-kurzweil-dunford-stieltjes integral and henstock-kurzweil-
pettis-stieltjes integral of banach-valued functions on R. (article to be published); 2024.

)

Johnsonbaugh RF, Pfaffenberger WE. Foundations of mathematical analysis. Dover Publications; 2010.
Lim JS, Yoon JH Eun GS. On henstock-stieltjes integral. KangweonKyungki Math. 1998;1:87-96.

)

McLeod R. The generalized riemann integral. mathematical association of America; 1980.
Fitzpatrick P, Royden HL. Real analysis, 4th edition. Prentice Hall; 2010.

Bartle RG, Sherbert DR. Introduction to real analysis. John Wiley and Sons. Inc; 2000.

Bruckner AM, Bruckner JB, Thomson BS. Elementary real analysis. Prentice Hall; 2001.

Cao SS. The henstock integral for banach-valued functions. Southeast Asian Bulletin. 1992;1:35-40.

e A L

26



Mangubat and Flores; Asian Res. J. Math., vol. 20, no. 5, pp. 14-27, 2024; Article no., ARJOM.117392

—
=)

18]
[19]

[20]

21]

Conway JB. A course in functional analysis. Springer. 1990;2.

Di Piazza L, Marraffa V, Musial K. Variational Henstock integrability of Banach space valued functions.
Mathematica Bohemica. 2016 287-296.

Lee TY. Henstock-kurzweil integration on euclidean spaces. World Scientific. 2011;12:1-20.

Tikare SA, Chaudhary MS. Henstock-Stieltjes Integral for Banach space-valued functions. Bulletin of Kerala
Mathematics Association. 2010;6.

Kreyszig, E. Introductory functional analysis with application. John Wiley and Sons; 1989.
Min MZ, Yee LP. An overview of classical integration theory.
Munkres, JR. Topology; 2000.

Omayan DO. Some Fundamental Properties of Variational Kurzweil Henstock Stieltjes Integral on a
Compact Interval on R™. Asian Research Journal of Mathematics. 2022;18:69-81.

Pettis, B. On integration in vector spaces. American Mathematical Society. 1938;277-304.
Schwabik S, Guoju Y. Topics in Banach Space Integration. Series in Real Analysis. 2005;10.

Viro OY, Ivanov OA, Netsvetaev N, Kharlamov VM. Elementary topology problem Textbook. American
Mathematical Society Journal; 2008.

Olaleru JO, Okeke GA. Strong Convergence Theorems for Asymptotically Pseudocontractive Mappings in
the Intermediate Sense. Journal of Advances in Mathematics and Computer Science. 2012;2(3):151-162.
Available; https://doi.org/10.9734/BJMCS/2012/1569

Oke AS, Kayode DJ. Some Theorems on Fixed Points Set of Asymptotically Demicontractive Mappings in
the Intermediate Sense. Asian Research Journal of Mathematics. 2017;6(4):1-7.
Available: https://doi.org/10.9734/ARJOM /2017 /36218

© Copyright (2024): Author(s). The licensee is the journal publisher. This is an Open Access article distributed under
the terms of the Creative Commons Attribution License (hitp://creativecommons.org/licenses/by/4.0), which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Peer-review history:
The peer review history for this paper can be accessed here (Please copy paste the total link in your browser address
bar)

https://www.sdiarticles. com/review-history /117392

27


http://creativecommons.org/licenses/by/4.0
https://www.sdiarticle5.com/review-history/117392

	Galley proof_2024_ARJOM_117392 - Copy.pdf (p.1)
	Galley proof_2024_ARJOM_117392.pdf (p.2-14)
	Introduction
	Preliminary Notes
	Main Results
	Some Convergence Theorems
	Uniform Convergence with respect to Integrand
	Uniform Convergence with respect to Integrator


	Conclusion


