- British Journal of Applied Science & Technology

il 16(5): 1-8, 2016, Article no.BJAST.26468 &
ISSN: 2231-0843, NLM ID: 101664541 %/(
SCIENCEDOMAIN international SCIENCEDOMAIN

T Ea

7 www.sciencedomain.org

Self-similar Solutions for a Nonlinear Heat Equation
Modelling MEMS

Jian Deng"

! School of Mathematical Sciences, South China Normal University, Guangzhou, 510631,
China.

Author’s contribution

The sole author designed, analyzed and interpreted and prepared the manuscript.

Article Information

DOI: 10.9734/BJAST/2016/26468

Editor(s):

(1) Pengtao Sun, University of Nevada Las Vegas,4505 Maryland Parkway, USA.
Reviewers:

(1) Jun Yu, University of Vermont, USA.

(2) Marcus Varanis, Federal University of Grande Dourados (UFGD), Brazil.

(8) Ming-Hung Hsu, National Penghu University of Science and Technology,
Taiwan.

(4) Anonymous, Beihang University, China.
Complete Peer review History: http://sciencedomain.org/review-history/15058

Received: 19" April 2016
Accepted: 14" June 2016

Original Research Article Published: 18" June 2016

ABSTRACT

This paper deals with the existence and nonexistence of self-similar solutions for a nonlinear heat
equation arising from electrostatic MEMS. We show that there exists a critical value A*, such that
if the initial data is less than A*, then there is no global forward self-similar radial solution. While if
the initial data is greater than A*, then there exists a family of increasing global forward self-similar
radial solutions, which goes to oo as r — co. We also establish the optimal growth rate of these
solutions. At last, we give the nonexistence result of backward self-similar solutions.
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1 INTRODUCTION

The purpose of this paper is to investigate the

self-similar solutions for the following nonlinear

heat equation
ou

Fri Au+u™ 9,

where ¢ > 0 is a constant.

(z,t) e RN xR, (1.1)

This model (1.1) ( with ¢ = 2) was first introduced
by [1], which models a simple electrostatic Micro-
Electro-Mechanical-System (MEMS) device.
MEMS devices are key components of many
commercial systems, including accelerometers
for airbag deployment in automobiles, ink jet
printer heads, and chemical sensors. The
simplicity and importance of this technique have
led many applied mathematicians and engineers
to study mathematical models of electrostatic-
elastic interactions [2, 3, 4, 5]. The study of self-
similar solutions often plays an important role in
the investigations of regularity theory, asymptotic
stability and singularities of nonlinear problems
with similar scaling properties [6, 7, 8], such as
the harmonic map heat flow [9], semilinear heat
equations [10, 11], etc.

The topic on the self-similar solution has attracted
a lot of attention. For example, Brezis and
Friedman [12] studied the existence of self-
similar solution for the following heat equation
with absorption

2 Au -l
8t u u

Who discovered that

a) when ¢ > 1+ 2, the equation admits no
singular self-similar solution;

b) when 1 < ¢ < 1+ 2, the equation admits
a unique singular self-similar solution satisfying
u(z,0) = Co(x) forany M > 0, i.e.

lim
t—0

u(z,t)dz = M, Ve > 0.
|lz|<e

Thereafter, Peletier, Terman [13] studied the self-
similar singular solution of the porous medium
equation, and Chen, Qi, Wang [14] considered
the p-Laplace equation with absorption, in these
papers, some singular or very singular self-
similar solutions are found. Besides these works,

there are also some researches are concerned
with the diffusion equation with source w9, for
more details, please refer to [15, 16, 10]. But
as far as | know, no researches are concerned
with the self-similar solutions of the equation (1.1)
or equations with this kind of source w™9. It
is worth noting that for this kind of source w7
we considered, there is no singular self-similar
solution, in fact, form Theorem 1.2, one will see
that the self-similar solutions go to |x\72rl ast—
0.

In this paper, we investigate the self-similar
solution of the equation (1.1). It is not difficult to
see that (1.1) is invariant under the scaling

ux(x, t) = A u(Nz, At),

1

where = i3, B = 5. Specially, if we take

A =1 then

u(z,t) = t"u(t Pz, 1) = t%p(t Pz), (1.2

this kind of solution is called forward self-similar
solution, here ¢ satisfies

ap(z) —Bz-Vo=Ap+¢ % zecRY. (1.3)

We will look for spherically-symmetric solutions,
that is, let ¢(|z|) = ¢(x), then the equation (1.3)
is transformed into

’ ’ N_l ’ —
ap(r) — Bre’(r) = ¢’ +——¢ +¢7% (14)

where o = qﬁ B = 1. Itis natural to assume
that ©'(0) = 0 since ¢ is radially symmetric.
We consider the initial value problem of (1.4) as
follows,

©'(0) = 0,0(0) = A, (1.5)
where A > 0 is a constant.
If «A?™ = 1, then A is a solution of (1.4)—

(1.5). In what follows, we study the existence of
nontrivial global solutions of (1.4)—(1.5).

We have the following results.

Theorem 1.1. If A satisfies a AT < 1, then the
problem (1.4)—(1.5) doesn’t admit global solution,
and the local solutions ¢(r) decrease to 0 at a
finite position.

Theorem 1.2. If aA7™ > 1, then the problem
(1.4)—1.5) admit a global increasing solution for
every A with a A% > 1, and the solution ¢(r) —
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oo asr — oo. Also, we have that the solutions
w(r, A) are increasing on A, that is if A1 > As
with « AT > 1 (i = 1,2), and ¢i(r, A;) are
the corresponding solutions of the problem (1.4)—
(1.5). Then o (r) > p5(1), p1(r) > a(r) for any
r > 0.

Furthermore, we have the asymptotic property,
that is, there exists a constant Coy > 0 such that

lim r_%<p(r) = Ch.

T—>00
It means that for such initial datum

u(z,0) = lim t%p(t ™ |]) ~ J2| 7,

the solution goes to oo with speed t* ast — oo,
more precisely, we have

lim ¢ “u(z,t) = A, foranyz e R".

t—o0
We also consider the backward self-similar

solutions of (1.1), that is we investigate the
solution of this form

u(z,t) = (=) p((—t) "),

and we have the following theorem.

Theorem 1.3. The equation (1.1) doesn’t admit
backward self-similar solution.

2 NONEXISTENCE OF GLOBAL
SOLUTIONS

In what follows, we always assume that the
problem (1.4)—(1.5) admit a local classical
solution for any given A > 0. In fact, the
existence of local classical solutions for the
problem (1.4)—(1.5) is easy to be obtained by a
fixed point approach, we omit the proof.

In this section, we consider the case a 497! < 1.
We have the following lemma

Lemma 2.1. Assume that A" < 1, and o(r)
is a local classical solution of the problem (1.4)—
(1.5). Then ¢'(r) < 0 if p(r) > 0.

Proof. By (1.4)—(1.5) and using L'Hospital’s rule,
we have

Ng"(0)=ad - A9 <0, (2.1)

which means that ¢’(r) < 0 for small » > 0. In
what follows, we show that ¢’(r) < 0 if o(r) > 0.
Suppose to the contrary, let ro > 0 be the first
zero point of ¢’ (r), and ¢(r) > 0 for any r < ro.
Then ¢(ro) < A, ¢"(r0) > 0. While by equation
(1.4), we see that

©"(r0) = aup(ro) — ¢ U(ro) < 0.
It is a contradiction.

Lemma 2.2. Assume that cA*T! < 1, and ¢(r)
is a solution of the problem (1.4)—1.5). Then
there exists ro > 0 such that o(ro) = 0, and the
solution can not exists globally.

Proof. By Lemma 2.1, we see that ¢ decreases
strictly. We claim that there exists a constant
r1 > 0 such that

1

(a4 BN)p" ' (r1) = 3 (2.2)

Otherwise, there exists § with “t2% > (o +
BN)§ITt > 1, such that (r) > ¢ for any r > 0.
Then there exists a constant §* > § and ad*?™! <
1, such that ¢(r) — §* as r — +oo. By equation
(1.4), we have

ad*itt =1,
It is a contradiction. By (1.4), we see that

(Tl B e) = (at BN )Y o —r Tl
Integrating the above equality from r; to r gives

N () + Bri¥e(r)

:/ (a4 BN)e"™ —1)s™ 1o~ %ds + co

1

1 /" N1 —
§—§/ sV Lo™9ds + co
1
1 N _ N
<-5¢ 9(ry) " er + co,
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which implies

1 _ _ _
@) < =5 ) = ) o™ = Bro(r),

and we further have

r

@(r) < o(r) - %%’7(1(7"1)/ (s—ris'™NV)ds+ /T cos' Nds — /T Bsp(s)ds.

T1 1

Clearly, we have

p(r) <0,
when r is appropriately large, which means that there exists o such that ¢(ro) = 0, and the solution
can not exist globally.

Theorem 1.1 is a direct result of Lemma 2.1 and Lemma 2.2.

3 EXISTENCE OF GLOBAL SOLUTIONS AND LARGE TIME
BEHAVIOR OF FORWARD SELF-SIMILAR SOLUTIONS

In this section, we consider the case aA7™" > 1. We first give the following lemma

Lemma 3.1. Assume that a A9 > 1, and o(r) is a classical solution of the problem (1.4)—(1.5).
Then ¢'(r) > 0 forany r > 0.

Proof. Similar to Lemma 2.1, we have
Ng"(0) =aAd - A"7 >0,

which means that ¢’(r) > 0 for small » > 0. In what follows, we show that ¢’(r) > 0 for any r > 0.
Suppose to the contrary, let ro > 0 be the first zero point of ¢’(r), then ¢ (r9) < 0. By equation (1.4),
we also have

¢"(ro) = ap(ro) — ¢~ (7o) > 0.
It is a contradiction.
We also have the following comparison Lemma

Lemma 3.2. Assume that A, > A, with aAS™" > 1 (i = 1,2), and ¢:(r, A;) are the corresponding
solutions of the problem (1.4)—(1.5). Then ¢’ (r) > ©5(r), p1(r) > @2(r) forany r > 0.

Proof. By the proof of Lemma 3.1, we see that
Np{(0) = ad; — AT? > ads — A7 = Np5(0),

which means that ¢/ (r) > ¢5(r) for small » > 0. Furthermore, we have ¢ (r) > ¢5(r) for any r > 0.
In fact, otherwise, there exists ro > 0 such that

©1(r) > @a(r),for r < ro, ¢ (ro) = ¢a(ro),
which means ¢! (r0) < ¢4 (ro) and 1 (r0) > 2(ro), while by the equation (1.4), we have
@ (r0) — @5 (r0) = (awp1(ro) — @1 ?(ro)) — (cp2(r0) — 05 *(r0)) > 0.
It is a contradiction.

By Lemma 3.1, we further have
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Lemma 3.3. Assume thata A" > 1, and o(r) is a local classical solution of the problem (1.4)—(1.5).
Then the solution ¢(r) exists globally and o(r) — oo asr — oo. Furthermore, we show that there
exists a constant Cy > 0 such that

lim 7’7%@(7“) = Co.

T—r00

Proof. Let
H(r) =My - fry¢’
with M = max{a, B(N — 2)}. Then we have

H'(r) + BrH = B(M — a)ro + (M — B(N — 2))¢’ + Bro ™0 > 0.
Note that H(0) = M A > 0, then

H(r)>0
for any » > 0, which means
M
(r- 7 ) <0,
and we further have
M M
p < corlg, ro’ < — (3.1)

6907

for r > §o > 0, where do, co > 0 are constants. Namely, the solution exists globally.

Next, we show ¢(r) — oo as r — oco. Suppose to the contrary, there exists C > A such that ¢(r) < C
for any » > 0. Since ¢ is increasing on r, then ¢(r) — C* < C as r — co. By equation (1.4), we
have aC* = C*71, it is a contradiction.

In what follows, we turn our attention to the growth rate of the solution. By (1.4), we see that
(PN 4 BV p) = (a4 BN T — M T

Integrating the above equality from r; to r gives

PN )+ rVelr) = [ BN) s s + 1 () + B el

T1
and we further have
@) g I (et BN =T Nes s VTN () + Brite(n)
e N N

by (3.1), and let » — oo, we obtain

)

Sl (a4 BN ™™ — 1)V 1p™ds

B = lim

P00 rNp
(a4 BN)p™T — )N rpma
= lim N/ N-1
r—oo rNo'+ Nr )

oy (@ BN)rY
roo rNQ + NrN—1gp
_ lim &FBN
r—oo T¥. _|_N
7

which means that

700 SO 5
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Then for any sufficiently small ¢ > 0, there exists M > 0, such that

(% —g)p <1y < (% +é)p, foranyr > M,

and we further obtain that there exist two constants C; = C1(M) > 0,C> = C2(M) > 0, such that
Ciri = < p(r) < CorBt  ¥r> M. (3.2)
Next, we show .
p(r) ~ro.
Multiplying the equation (1.4) by »~# ~*, we obtain
BrBg) = —r 5 NENTYY — T TE

Integrating this equality from r¢ to r, gives

57“7%@(7") = ﬂTJEW(TO) —/ 87%7N(5N_1¢/)/ds —/ @_q57%71d5

70 70

:,37‘77*¢ ro —r7%71<p/ r —&—7’7?714,0/ 7o) — e + N 57%724)0/ s)ds — cp_qsf%*lds
0 0
70 70

B
7% —-a_1 *%*1 ’ (e —_a_g « 7%—2
=Bro " p(ro) —r 8 ¢ (r) + 1o w(ro)—(g +N)r— s 50(7”)+(E + N)rg ”p(ro)
- (% +N><% +2) /TS*%’?’so(s)dS— /Tsf%*%*ds, (3.3)

where ro > 0 is a sufficiently large constant, which is to be determined. By (3.1) and (3.2), we see
that

_a_
lim r B
r—+4o00 r—r—+00

““p(r) =0. (3.4)

Next, we estimate the last two terms of (3.3). By (3.2), we see that for any ¢ < min{%, %}, when
ro > M,

/ 37%73@(5)&9 < Cg/ s£73%ds < 027’872, (3.5)
70 T0
[e'e] oo —q a
g —a_q —q — 9 (g+1)—eq—1 C —Flat)—eq
p ls B Tds < C / s B ds < ————r . (3.6)
/m b 2g+1)°

Substituting (3.4)-(3.6) into (3.3), and letting » — oo, we obtain, for any ro > M,

a —-o — _a_9
lim Br=Fo(r) = Bro " o(ro) + 7o © @' (r0) + (% + N)rg © (r0)

oo B
— (% + N)(% +2) /T[: 57%7330(5)115 — /T: ¢7q57%71ds
> C1frg® — CarE™2 — Cury » TV
Take ro sufficiently large such that
Care™ 4 Curg BTV < %clm—f.



Deng; BJAST, 16(5), 1-8, 2016; Article no.BJAST.26468

Then we obtain

lim r_%w(r) > lC’lro_E. (3.7)
T— 00 2
On the other hand, we also have
lim /Br_%ap(r) < ﬁro_ggo(ro)
700
_a_q _a_o
o @ ) + (G + N)rg T (o). (38)

By (3.7)—(3.8), we see that there exist positive
constant r*, M < M, such that

Mr? <o(r)<Mr?,Vr>r-. (3.9)

We claim that there exists a constant Cy > 0 such
that .
lim 7~ 8 p(r) = Co.

T—00
Otherwise, there exists two sequences {#,},
{#n} with #, > 7, — oo such that

o

5

o(fn) < lim 7 ? (i) = C.
n—oo
(3.10)
Taking r = #,, 1o = 75 in (3.3), letting n — oo,
and combining (3.4)—(3.6), we obtain

C = lim 7y,
n— oo

BC =BT + lim 7 ° ¢/ (i)
n— o0
« —F2 —
+(= + N)F 7 Tp(Fn) > BC. (3.11)

B

It contradicts with (3.10), the proof is complete.

Theorem 1.2 is a direct result of Lemma 3.1,
Lemma 3.2 and Lemma 3.3.

4 NONEXISTENCE OF BACK-
WARD SELF-SIMILAR
SOLUTION

We also consider the backward self-similar
solution of the equation (1.1), that is let

(@, t) = (=) p((—t)"x),

then the equation (1.1) is equivalent to
Ap—pBE-Vo+ap+e 1=0, (4.1)
where o = 17, 8 = 5. Multiplying the equation

(4.1) by e‘§‘5‘2<p(§), and integrating over R™, we

see that

_Bg2
[ B wee i

B
+/ 675‘&2(0[(,02 + o' " dr = 0.
RN

which means that (4.1) doesn’t admit solution.
Theorem (1.3) is proved.

5 CONCLUSION AND
PROSPECT

In this paper, we establish the existence of
forward self-similar solutions, and we also give
the optimal growth rate of these solutions, which
implies that the self-similar solutions go to \:Jc|42?
as t — 0, so there is no singular self-similar
solution for the equation (1.1). At Section 4,
we also discussed the existence of backward
self-similar solution, and a nonexistence result
is given. In the future, we will continue to study
the self-similar solutions of some degenerate or
singular parabolic equations, and the stability of
self-similar solutions will be discussed.
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