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1. Introduction

T he year 1695, a communication of Leibniz and L'Hospital, was treated as the origin of fractional calculus.
However, the first accurate definition of fractional derivative and ancient was commenced at the end
of the nineteenth century by Liouville and Riemann. This calculus of arbitrary order first came into sight as

a hypothetical development in mathematical analysis. However, in the past few decades, it has proved to
be an exceptional tool in describing many processes occurring naturally. The subject of fractional calculus
(integration and differentiation of fractional-order) is enjoying interest among mathematicians, physicists,
and engineers. We can find several applications of fractional order differential equations in viscoelasticity,
electrochemistry, control, porous media, electromagnetic, etc. There has been considerable development in
ordinary and partial fractional differential equations in recent years; see the monograph of Hilfer [1], Kilbas
et al., [2] and Podlubny [3]. Some recent existence-uniqueness results of solutions for fractional differential
equations with initial as well as boundary conditions can be found in [4-7] and the references therein.

Jung found many results on the Ulam type stability of linear and nonlinear differential equations and
obtained the Hyers-Ulam stability of first-order linear both ordinary and partial differential equations in the
series of papers [8-10]. The standard theory of Ulam-Hyers (UH) stability has appropriate significance. If we
are dealing with a UH stable system, we do not seek the exact solution. All that is involved is to find a function
that satisfies the proper approximation in the equation. This approach is helpful in many applications such as
numerical testing and optimization were looking for the exact solution is impossible. Many authors discussed
the stability of fractional differential equations, and its significant results could be seen in the papers [7,11,12].

In past decay, differential equations with impulsive effects have been considered by many authors due
to their significant applications in various fields of science and technology. Due to its large number of
applications, this area has been received great importance and remarkable attention from the researchers see
the monographs of Lakshmikantham ef al., [13] and Samoilenko et al., [14] and the papers [15-17].

Recently, a new fractional derivative was introduced by Katugampola [18]. Later on, the new fractional
derivative is generalized with Hilfer fractional derivative and so-called Hilfer-Katugampola fractional
derivative (HKFD), involving basic properties, definitions, and results regarding existence and uniqueness
results for the Cauchy type problem is discussed in [19]. This work aims to study the existence, uniqueness,
and stability results for implicit differential equations (IDEs) with impulsive, nonlocal, and boundary
conditions involving HKFD.
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2. Preliminary

For the ease of the readers, we present some basic definitions and lemmas.

Definition 1. [18] The generalized left-sided fractional integral #J3*g of order « € C(R(«)) is defined by

1—w

#2) () = s [0 =) 1 tg(e)ds, > (1)

if the integral exists.
The generalized fractional derivative corresponding to the generalized fractional integral (1) is defined
for0 <a<tby

« P (i d\ n—a+1p—1
ot ()= s () [ - o @
if the integral exists.

Definition 2. [19] The HKFD, with respect to t, with p > 0, is defined by

(p@a,ﬁg) (t) = (Pjﬁ(l_”‘) (tp—l{i) pj(l—ﬁ)(l—a)g> ()

— (Pjﬁ(l—a)5PP3(1—5)(1—“)9) (f).

Theorem 1. [20](Krasnoselskii’s fixed point theorem) Let R be a Banach space, B be a bounded closed convex subset of
R and B4,y be mapping from B into R such that P1b + Loy € B for every pair b,y € B. If P is contraction and P,
is completely continuous, then the equation B1b + Pob = b has a solution on B.

Theorem 2. [20](Schaefer’s fixed point theorem) Let R be a Banach space and 3 : R — R be completely continuous
operator. If the set {h € R : b = 6B for some & € (0,1)} is bounded, then B has a fixed point.

Theorem 3. [20](Banach fixed point theorem) Suppose Q be a non-empty closed subset of a Banach space E. Then any
contraction mapping *B from Q into itself has a unique fixed point.

3. Impulsive IDEs involving HKFD

Consider the IDEs with HKFD involving impulse effect is of the form

POYPY(t) = a(t,b(t),PDYPH(t)), tE] =]\ {tu b2 stu}, J=(aDb]
AT () =, = i (0(t)), t=ty k=1,2,.,m, )
PIVIY(H) 1m0 = bay ¥ =&+ B —ap,

where PD%P is the Hilfer-Katugampola fractional derivative of order a and of type f, and J'~7 is generalized
fractional integral of order 1 — <. Let g : ] X R Xx R — R be a continuous function. Let us denote the space
PC(]) be a piecewise continuous space from | into R with the norm

PC(J) ={b:] = R:p(t) € Ct, tyt1],k =0, ..., m; there exists h(t;") and h(t; )} .
The weighted space PC,, ,(]) of functions g on | is defined by

0 —af

)7g(t) € PC(])},O <v<1,

() s

PCyp(]) = {g:(a,b] —R: (

lsllpe,, = H (tp ; ap>vg(t)

with the norm

= maX
PClap]  t€]
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Now, we shall give the definitions for UH and UHR stability for IDEs with impulsive effect under HK
fractional derivative. Let € be a positive number and ¢ : | — R™ be a continuous function, for every t € | "and
k=1,2,..,m, we have the following inequalities

{ PD%Po(t) - a(t, ()”9“5 h(t)| < e @)
|APTI=T0 () |i=r, — i (0 ()] < €
|PD%Po(t) — g(t, ()Pi?“ﬁb(t)ﬂ < eg(t), 5)
‘Apjl_'yb(t)h:tk | < egq(t),
[PD*Po(t) —g(t,0(t),FD%PH(t)] < olt), ©)
AT 0 (b 1=y — gr(o(t)] < o(t),

Definition 3. The Eq. (3) is UH stable if there exists a real number Cy > 0 such that for each ¢ > 0 and for
each solution v € PCy_,(]) of the inequality (4) there exists a solution h € PCy_,,(J) of Eq. (3) with

[o(t) = (1) < Cse, te].

Definition 4. The Eq. (3) is generalized UH stable if there exist ¢ € PCy_,,(J), ¢5(0) = 0 such that for each
solution v € PCy_, ,(]) of the inequality (4) there exists a solution h € PCy_, ,(]) of Eq. (3) with

lo(t) —b(H)| < ppe, te].

Definition 5. The Eq. (3) is UHR stable with respect to ¢ € PCy_, ,(]) if there exists a real number Cy, > 0
such that for each € > 0 and for each solution v € PCl_%p( J) of the inequality (5) there exists a solution
h € PCy_,(]) of Eq. (3) with

o(t) = b(1)] < Cpyeq(t), te.

Definition 6. The Eq. (3) is generalized UHR stable with respect to ¢ € PCy_, ,(]) if there exists a real number
Ct,p > 0such that for each solution v € PCy_ ,(]) of the inequality (6) there exists a solution h € PCy_,,(])
of Eq. (3) with

[o(t) =b(t)] < Crpo(t), te].

Lemma 1. Let g € Cy_,,(]). Then the linear problem

{wﬁnm ~ (1), ”

le_ﬂrb(t)h:a = bﬂr

has a unique solution which is given by

(5 et ()

Lemma 2. Let g : ] — R be continuous. A function by € PCy_,(]) is a solution of the fractional differential equation

PDMBY(t) = g(t), te]
PITH(E) = by,

if and only if b is a solution of the integral equation

(tﬂ—aﬂy‘l vy (1-p(1-a))~1
[ /i tz‘ —sF 01
g(s)ds
) Ja ( P ) )

b t0 — af
"“):rfv)( o ) T T - p(—a
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+r(1a) /at (tp ; a ) . P g(s)ds.

Lemma 3. Let g: | X R x R — R be continuous. A function b is a solution of the fractional integral equation

he [t —af\7 ! 0<§<t¢k(b(tk>) 0 —gp\7!
b(t):F(v)( o > - I'(y) ( P )

F(ltx) / (tp ;SP)W1sp19<th<5>rp©“’ﬁh<s>>ds

if and only if b is a solution of the Problem (3).

+

©)

(10)

Lemma 4. [21] Let a(t) be a nonnegative function locally integrable on a < t < b for some b < oo, and let g(t) be a
nonnegative, nondecreasing continuous function defined on a < t < b, such that g(t) < K for some constant K. Further

let h(t) be a nonnegative locally integrable on a < t < b function satisfying

mn<a ) [ (P22) T o, telnb)

a

with some o« > 0. Then

()| < a(t +/

i ) w))" <tP—sP>mx1] s la(s)ds, a <t<b.

p

Remark 1. Under the hypothesis of Lemma 4, let a(t) be a nondecreasing function on [0, T). Then h(t) <

a(t)Eqx(g(t)T'(x)t*), where E, is the Mittag-Leffler function defined by

Z k 1y , z€C, Re(a) > 0.

Lemma 5. Let ) € PCy_(]) satisfies the following inequality

t _ a—1
ol <are [ (S55) ol ¥ g,

P o<t <t

where c1 is a nonnegative, continuous and nondecreasing function and cy, p; are constants. Then
()] < €1 (1+ PEa(cal () ) Ea(cal (@)t%) for t € (te.tea],
where p = sup {yy : k=1,2,3,..,m}.

Let us introduce the following assumptions which are useful in proving the results

(H1) Letg:J x R xR — Rbe a continuous function and there exists positive constantS ¢, k > 0, such that

lg(t, b1, b2) — g(t,01,02)[ < £]h1 —v1| +k|[h2 — 2|, for all by, b, 01,02 € R.
(H2) Thereexistl, m, n : ] — RT with [* = sup;c; [(t) < 1such that
la(t,b,0)| < I(t) +m(t) b +n(t)[o].
(H3)  Let the functions ¢ : R — R are continuous and there exists a constant £; > 0, such that
[Pe(b) — Pp(v)| < €°|hp—y|, for allh,v €R, k=1,2,...m
(H4) Let the functions ¢, : R — R are continuous and there exists a constant h* > 0, such that

lpe()| < B*(t), for allh € R, k=1,2,..,m
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fort € Jand bh,v € R.
(H5)  There exists an increasing finctions ¢ € PCy_, () and there exists A, > 0 such that for any ¢ € ],

Fo(t) < Apo(t).
Theorem 4 (Existence). Assume that [H1] - [H4] are satisfied. Then, Eq.(3) has at least one solution.

Proof. Consider the operator B : PCy_, (J) — PCi_,(]). The operator form of integral equation (7) is written
as follows

h(t) =Fb(t),

where

_ Y er(b(t) - t .
wi =t (“55) S (5) [ (7)o e o

For sake of brevity, we take gy (t) := PD%Ph(t) = g(t, (), gy (t)).

gn (1) = 1(t) +m(t) [b(t)] +n(t) gy ()]
ST+ m ot +n" |gy(t)]
- {Z*er*lb(t)l}_

1—n*

First, we prove that the operator 3 defined by (11) verifies the conditions of Theorem 2.
Claim 1: The operator ‘B is continuous.
Let b, be a sequence such that b, — b in PC;_,[], R]. Then for each t € ],

1

<t 0<%<t |9 (b () — i (b (t))|

- ap>17

’(‘an(f) ) ( .

Since g is continuous, then we have

| — Bblpe,_ =0 as 1 — co.

This proves the continuity of .
Claim 2: The operator 3 maps bounded sets into bounded sets in PC;_(]).
Indeed, it is enough to show that for r > 0, there exists a positive constant I such that B, =

{bePCi (D : Ibllpe, , <7}, wehave [Bllpe,  <T

Y n(x(t)]

P _aP\177 a <he<t P gP\ITT b e\
’(%)(t)<t P > SF?V)JFO I(7) +F(lvc) <t P ) /u<t o ) 7 lgn(e) s
oo\ 71 o —aP\'TT
< LA + (tT 0<t<t ( e > "

~I(7) ()

1 o — g \NITT ot go\ @1 [ mT (s
+F(ﬂé)( P > /< P ) g [1_”*]615

m ()" P ()T e
T e A L= I
< re Y Tt e U
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. tLaP)V‘l

m* =5 Erw—sP\ T
EECRN0) A( 0 ) F bl s
oo\ ! o (0—ap 71 N
~TI(y) () POy T 1 —n")F(a+1) \ p
1

I at+y—1
ot 2 () ke

_|_
a7 1
cow ) ()
~I(7) I'(7y) PO T (1 —n")T(w + 1) P
m* be —aP\*

+ g (55 ) B Iolee,

=I.
That is 9 is bounded.

Claim 3: The operator 3 maps bounded sets into equicontinuous set of PCy_,(]).
Let ty,t € ], t; > t, B, be abounded set of PC;_,(]) as in Claim 2, and b € B;. Then,

p—a 17,}1 p—ﬂ
‘(“ . p) () (1) — (tzp p) (‘Bb)(fz))‘

Z wk(x(tk)) 0 1—y a—1
0<tp<ty 1 t —af [ — P B
T +r<oc><1p ) / <1p > 8y ()05

i O<§<t2¢’k(x(tk))_ L (B 17/t2 £ — s “1sp‘1gh(5)d5~
I'(y) T'(a) P a P

As t; — tp, the right hand side of the above inequality tends to zero. As a consequence of Claim 1 - Claim
3 together with Arzeli-Ascoli theorem, we can conclude that 8 : PCl,y(]) — PCi_,(]) is continuous and
completely continuous.

It is continuous and bounded from Claim 1 - Claim 3. Now, it remains to show that the set

w={hePC_,(]):h=1P(1H),0<T<1}

is bounded set.
Leth € w, h = B(h) for some 0 < T < 1. Thus for each t € | we have

L2 web(t) . t -
o= |y (“5) e (5 v [ () s

This shows that the set w is bounded. As a consequence of Theorem 2, we deduce that ‘B has a fixed point
which is a solution of Problem (3). [

Theorem 5. (Uniqueness) Assume that [H1] and [H3] are satisfied. If

me* [P —aP\1 77 ¢ b —af\*
o= (7 (5) et (57) ) < "

then, the Eq. (3) has a unigue solution.

Theorem 6. The assumptions [H1], [H3], [H5] and (12) are satisfied. Then, Eq.(3) is generalized UHR stable.
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Proof. Let v be solution of inequality (6) and by Theorem 5, h is a unique solution of the problem

PPy (t) = g(t,h(t),F D Ph(t)),
AT (H) 1=t = Pr(b(tk)),
P (8) =0 = PT 0(H) 120 = Ba-

Then, we have

X we(b(t) ) .
00 = 125 (tp;ap)“+o<tk<tr<l;> | (tp;ap>“+r<1«> [(57) gy

By differentiating inequality (6), for each t € (t, tx, 1], we have

D DI ACICN) ) .
0~ s (”p”p)“—““};: k (tppap>“‘r<la> [ (57) (o)

8k

0<t2k<t 0 —a\TN 1t s\

= + / &~ Lo(t)ds
I'(y) o T(@)Jo \ p

tP —af

< (o) )7_1 g0

Hence for each t € (t, tyy1], it follows

[o(t) —h(t)]
Y (b))

< o) - r?;) (tppapyy—l B 0<tk<tr(7) (tP ; aP)V‘l B r(lw) /ﬂ'f (tP ; sP)"‘_l s 1g (s)ds

_ Y. Pr(o(te)) _ o
n(t)fr?j;) (tP;af')v 10<tk<tr(’;)n ¢ (tP;af’)’Y 1r<1a) /at<tP;sP> 1sP—1gu(s)ds

Yo 1e(o(t) — vi(b(t)]
0<t<t o — g\ 71 1 b —gp\*1
' r) () rah (57) ¢ e -sne

t# —af\ 7! ml* (10 —af\7!
§<m( ) +A(P>(p(t)+lw<p) o(£) — b()|

ot _ a—1
L () 7R e

By Lemma 4, there exists a constant K > 0 independent of A,¢(t) such that

IN

Be — g

v—1
lo(t) —b(t)| <K (m ( ) +/\4,> @(t) = Croop(t).

Thus, Eq.(3) is generalized UHR stable. [
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4. Nonlocal IDEs involving HK fractional derivative

Nonlocal IDEs with HK fractional derivative is given by

{p@wh(t) = g(t,b(t),PDYPh(t)), t € ] := (a,b], (13)

P (H) |1=a = X4 cib(T),

7,1 = 0,1,...,m are prefixed points satisfying a < 73 < ... < 7, < b and ¢; is real numbers. We remark that
nonlocal condition 31=7h(0) = Y™, c;h(7;) can be applied in physical problems yields better effect than the
initial conditions 3'=7h(0) = b, in [22].

Now set the space C(]) be a continuous space from | into R with the norm

1] = sup {[b(t)] : t € J}.

The weighted space C, ,(]) of functions g on | is defined by

t0 — af

with the norm

Colh) = {: @bl = & (F22) at ecnf o< <

o —gP\7 P —agf\7
e ) w252 s

Next, we shall give the definitions and the criteria of UH stability and UHR stability for IDEs involving
HK fractional derivative. Let € be a positive number and ¢ : | — R™ be a continuous function, for every t € |
and k = 1,2, ..., m, we have the following inequalities

PR Pu(t) —a(t,0(t), PO Ph(1)| < e 14
PDPo(t) — a(t,0(1),PDPh(1)| < eqlt). (15)
[PDPo(t) - g(t,0(t),FD (1) < a(h). (16)

Definition 7. The Eq. (13) is UH stable if there exists a real number C; > 0 such that for each € > 0 and for
each solution v € C;_, ,(]) of the inequality (14) there exists a solution h € C;_, ,(]) of Eq. (13) with

lo(t) —h(t)| < Cpe, te].

Definition 8. The Eq. (13) is generalized UH stable if there exist ¢ € C1_,(]), ¢7(0) = 0 such that for each
solution v € Cl_%p( J) of the inequality (14) there exists a solution h) € Cl_%p(]) of Eq. (13) with

lo(t) —b(t)| < gpe, te]

Definition 9. The Eq. (13) is UHR stable with respect to ¢ € C;_,,(J) if there exists a real number C¢, > 0
such that for each € > 0 and for each solution v € C;_,,(]) of the inequality (15) there exists a solution
b € C1_q,p(J) of Eq. (13) with

[o(t) =b(t)| < Crgpeq(t), te].

Definition 10. The Eq. (13) is generalized UHR stable with respect to ¢ € C;_, ,(]) if there exists a real number
Ct,» > 0such that for each solution v € Cy_,(]) of the inequality (16) there exists a solution b € C1_,(]) of
Eq. (13) with

[o(t) = h(t)] < Crpe(t), te].
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Lemma 6. Let g: | x R x R — R be continuous. A function b is a solution of the fractional integral equation

1 s a—1
0() = oy (“5%) Tive ) (p) s~ 1g(s, b(s),PDPh(s))ds

a—1
g f (52) s lals (), POMP (s)ds a7)

if and only if b is a solution of the Problem (13).

Theorem 7. (Existence) Assume that [H1] and [H2] are satisfied. Then, Eq.(13) has at least one solution.

Consider the operator B : C1_, ,(J) — Ci_,,(]), it is well defined and given by

- — =1 m T P gp a1 ¢ B a—1

Consider the ball B, = {h € Cr1qpla,b] : b ”lew < r}. Now we subdivide the operator 8 into two operator

P, and P, on B, as follows

. T [t —ar\7 1 % (7 —sP ot 4
D= (57) Le [ () o ne

P.h(t) = r(la) /at (tp;5p>a—1 P Lgy (s)ds.

The proof is divided into several steps.
Claim 1: B,h +B,v(t) € B, for every h,v € B,.

- o —a\'| g e -\
B (50) | <fm el () o el
S?pj)iq/ﬂ(f —Sp> l*—.—lnill?( ):|d5
a—1
T o (s L[r T & s 1 [m*[b(s)]
S@‘);CZ/LI< 5 > sP L_n} Fgcl/a< 5 > sP {1_n*}ds

o a+y—1
|T|1* i Tlf’_ap m* |T| i Tip—ap

< . .

SN e P DL G B AP D e,

This gives

i m Tip—ap « |T| m p P at+y—1
ol < ot oo (o) wiwrr o Ba(T50) T bl
(19)

and

For operator i]~3 5

.6(t) (tP ; ap)1

U 1 tP-aP)”f(tP-sP)“
< st s)|ds
= F(OC) ( 0 . 0 |gh( )|
* PP\ gt e g\ ¥
< l* (t a ) / (t s ) 14
A—n)T@ \ p T
m

* 0 —aP\'TT ot P\
+1—n*F(«X)< P ) /a< 4 > Sl
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: <1—n*§;<zx+1> (tp;ap>l_7 (tp;ap)a

m* 0 —af 'Y AN
tamerm () B (50) T e,

Thus we obtain

m*

- I* pe — g\ 47Tl o — aP\*“
180, < omirass o)+ i P (50) Mol @0

Linking (19) and (20), for every x,y € B,

[0+ ol < [l + [l <

Claim 2: 3, is a contraction mapping.
For any h,v € B,

IN

IA
S
ol
O
x\
a

m - P a—1
F(tx)igci/a (Tl 0 p) "7 [gy () — go(s)| ds
Tip—sp a—1 - ,
( . ) e S JUCRCIE

IT| mo (e 15— ol
I'(a) = 0 1—k b Clonp

IA
=
3
2
g
o

This gives

i i T , m Tip—up aty—1
||mln—mln|;cws'(OJ)Bw,a)(l_k)i_zlci( . ) lo=slc, .,

The operator 3, is contraction mapping due to hypothesis [H2].
Claim 3: The operator P, is compact and continuous.
According to Step 1, we know that

- I* b — g\ 7 m* bP — af\*
B, < o (o) st (5 e,

So operator B, is uniformly bounded. Now we prove the compactness of operator B,. Fora < t; < t; < b,

we have
L () e s [ (5) s
T o \ " p ’ T(@)Jo \ p 8

+y—1 +9—1
t’lj—a/’ o tg—ap e
Y Y

tending to zero as t; — tp. Thus B3, is equicontinuous. Hence, the operator 3, is compact on B, by the
Arzeli-Ascoli theorem. It follows Theorem 1 that the problem (13) has at least one solution.

’q}zb(tl) - @zh(t2)| <

Isslc, .,

< WB(%“)

Theorem 8. (Uniqueness) Assume that [H1] and [H3] are satisfied. If

_ B (e (e ey
A= T+ 0T () (;C< p ) +( o ) < b -
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then, the Eq. (13) has a unique solution.
Theorem 9. The assumptions [H1], [H3], [H5] and (21) hold. Then, Eq.(13) is generalized UHR stable.

Proof. Let v be solution of inequality (16) and by Theorem 5, h is a unique solution of the problem

POy (1) = g(t, h(t),PDYPh(t)),

PIT ()] ima = Y cib(T).

k=1

Then, we have

b(t) = fn + F(la) /ﬂt <tp — Sp>1x_1 sP gy (s)ds,

-1
T (t0—a\" o n (- \"
= — _— : P_l
i F(oc)( 5 ) iX%Q/ﬂ( 5 P g (s)ds.

On the other hand, h(7;) = y(7;), then we get §, = f,. Thus

t _ a—1
h(t) =fo + r(la)/a (tp , Sp) " 1gy(s)ds.

where

By differentiating inequality (16) for each ¢t € |, we have

Hence it follows

p_ p ’)/71 m
< (T(t pa > chi—i-l) Ap@(t).
i=1

o(t) —fo — r(la) /ut (tpgspy_l * 1y (s)ds

(

r<1a> ./ut : 7 Sp>alsp_1g"(s>ds - r(loo /ut (tp ;Sp)als”‘lgh (s)ds
(T <tp - ”p>“ m éci + 1) Apg(t)

[o(t) = b(t)[ <

<

_l’_

IN
ﬂ

e}

(tp —ap>71mzi C; +1> App(t) + F(lﬂc) /at (tp _sp>a1 571 Igv(s) — gp(s)|ds
Y

p
(=) L (tp;spy_l 71 o(s) — (s)] ds
= Crpo(t)

IN

Thus, Eq.(13) is generalized UHR stable. [

5. Boundary value problem involving HK fractional derivative

Boundary valve problem for IDEs with HK fractional derivative is given by

{p@%ﬁh(t) = g(t,h(t),PD%Py(t)), t €:= (a,b] (22)

PITD () li=a = bay  PITTH(E)]1—p = Do
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Lemma 7. Let g: | x R x R — R be continuous. A function b is a solution of the fractional integral equation

h(t) :Pjﬂég(t,h(t),p@a,ﬁh(t)) n ba (tP — ap)“r—l

Ly P
b —a ' T(2p) 1 prap y o gp\ 7262
+ (P) Ty +286-1) (hb — by =PI Pg(b,b(b),PD f)(b))) ( 0 ) , (23)

if and only if b is a solution of the Problem (22).
Theorem 10. Assume that [H1] and [H2] are satisfied. Then, (22) has at least one solution.

Proof. Consider the operator B : C1_,,(J) = Ci—_y,,(J). The equivalent integral equation (23) which can be
written in the operator form

h(t) = (1)

where

. o [t —af\7!
(o) =30+ 1 (£27)

pe — gp\ 128 r'(2B) - prap o gp\ 17262
+( . ) oy (o —rat gh(b>)( . ) @

We shall show that the operator ]} is continuous and completely continuous.
Claim 1: 3 is continuous.
Let b, be a sequence such that b, — hinCy_, [4,b]. Then for each t € ],

1—
M%mmﬁmm(ﬁpw)

_ 1-28 _ 2p-1
<PT |gp, (F) — g ()] + (bp ; ap) mljfz;;)_l) (F'Jl‘““ﬁ 186, () *8h(b)l) (tp P ap)

P\ (T B(nl-pll-w)  Blna)\, . .
<("7") (rrrap=n Thopa=ay * T ) a0 -80lk,

Since g is continuous, then we have

| (Bb,, —fm)HCHP — 0 as n — oo.

Claim 2 : 3 maps bounded sets into bounded sets in C1_, ,(]).
Indeed, it is enough to show that for r > 0, there exists a positive constant ! such that B, =

{b € Ciqp()) : ”h”Ckw = r},

wo (54)
P

0 —af\'" [)a
Py
( % ) &t Fv

~1—p+ap
(552 g s i) (552)

p
(tp_ap)l {l*+m*|h()|}+ba
0 1—n* Ty

+ (bp ; >l ¥ (%L(il;)) (bb+ha 4 Pyl-prap [l* +1”i|1'1(b)|]) <t9;a9>2ﬁ1

I* b —aP\* " i B(y,a) (P —af\* Ba
<<a—mﬁm+m( ; ) *u—wﬂm>< : )”mqw+rw>
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T'(28) T(28) I* b — a\ PP
F(v+2ﬁ—1)(bh+h”)+f(v+2ﬁ—1)(1—n*T(Z—ﬁ(l—w))( ; )
wTEB)  Bly1—p1—a)) (bﬂ o

T+ 26D TA-pA-a) \ p ) Blle, ..,

=1

Claim 3 : 8 maps bounded sets into equicontinuous set of Crm,p(])-
Letty,tp € J,t1 > tp, B, be a bounded set of Cl,%p(]) as in claim 2, and ) € B,. Then,

P _a 7-1 P y-1
|(Bb(t) = Ro(r2))] <3 gh(lfl)—gh(tz)lJr?zr(<t1 p) _<t2 aP) )

p P

b —at\'"# _ T(2p) e
+< 0 > I*(,),+21371) (hb+ha +‘DJ1 B+ ﬁ\f(b,x(b))|>

} tfl) P Y+2p-2 tg _aP Y+2B-2
% Y

Ast; — tp, the right hand side of the above inequality tends to zero. As a consequence of claim 1 to 3, together
with Arzeli-Ascoli theorem, we can conclude that 3 : C1q,(J) = C14,(]) is continuous and completely
continuous.
Claim 4: A priori bounds.

Now it remains to show that the set

©={h€Ciyp]):h=0P(),0<5<1}

is bounded set. Let b € w, h = &P (h) for some 0 < § < 1. Thus for each t € ] we have

R P ba (tﬁ—aﬂ)“
=45 1P3 Ja
h(t) [ OB Soll G

o 1-28 o Y+2B-2
T (bp . ”p) r(,yi(i’;)_ 15 (00— o P31, 1) (tp . “p> ] .

This shows that the set w is bounded. As a consequence of Theorem 2, we deduce that {3 has a fixed point
which is a solution of Problem (22). [

Theorem 11. Assume that hypothesis (H1) is fulfilled. If

(B(y, ) r'(28) ¢B(y,1—B+ap) bP —af\*
((1—k)F(a)+F(7+2[3—1)(1—k)F(1—ﬁ(1—a))>( 0 )“

then, Eq. (22) has unique solution.

Theorem 12. The assumptions [H1], [H3], [H5] and (21) hold. Then, Eq.(22) is generalized UHR stable.
Proof. Let v be solution of inequality (16) and by Theorem 11, § is a unique solution of the problem

PDYPH(t) = g(t, h(t),PD%Fh(t)),
PTG () 2o = bay  PTVH(E) 1—p = by

Then, we have
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where

_ ﬁ w— aP)’Y—1 (bP — aP>1—2/3 T(Zﬁ) B _pjl—ﬁ-i-zxﬁ ) (tp B ap)'y-&-Zﬁ—Z
7Ty < p I T(y+28-1) (bb ha =378 ( )> 0 :

On the other hand, P31~ 7h(t)|1=q = PIT0(t)|1=a, PI"TH(t)|;—p = PT~T0(t)|,—p, then we get g, = gp. Thus

T

By differentiating inequality (16) for each t € ], we have

1t =P\ T'(2B) AN
o -se=gig f(757) o twon] < (e (57) T #)ave

Hence it follows
1 g _
wl (5 ) gy (s)ds

r(loc) /ot (tp ;Sp) P gu(s)ds
L) e gl 7)o
: (T(vi(i?— 1) (bppap “) Mot ./at (tp psp)als”‘l 180 (s) — gn(s)|ds
= <r<vr+(§?— 1) (bp ; ap “) Aoolt)
1

()l (57) 7o
= Cro(t).

[o(t) = b(t)] <

o(t) —go — T

IN

Thus, Eq.(22) is generalized UHR stable. [

6. Conclusion

Fractional implicit differential equations be used to model the many real-world problems. This paper
looks at the HKFD for the proposed problem with the impulsive, nonlocal, and boundary conditions. We
investigated the essential requirements for the existence, uniqueness, and stability of solutions using classical
fixed point theorems.
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