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Abstract

Aims/ objectives: In this paper, we prove results on n-tupled coincidence point (for even n) for a pair
of mappings without mixed monotone property satisfying a contractive condition of rational type in
partially ordered metric spaces. Our main theorem improves the corresponding results of Chandok
et al. (Int. Jour. of Math. Anal., Vol. 7, 2013, No. 9, 433-440).
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1 Introduction

In recent years, an extension of Banach’s contraction principle has been considered by many authors
in different metric spaces. It has fruitful applications within as well as outside mathematics. Generaliza-
tions of this principle continues to be an active area of research. Many authors have extended this
theorem employing relatively more general contractive conditions ensuring the existence of a fixed
point. The investigation of fixed points in ordered metric spaces is a relatively new development which
appears to have its origin (in 2004) in the paper of Ran and Reurings [1] which was well complimented
by the paper of Nieto and Lopez [2]. For similar other results in ordered metric spaces, one can be
referred to ([1]-[23]).

In [3], Bhaskar and Lakshmikantham introduced the concept of a coupled fixed point of a mapping
F : X x X — X wherein (X, =<,d) be a partial metric space and also proved some coupled
fixed point theorems in partially ordered complete metric spaces. In 2009, Bhaskar and Cirié [4]
proved coupled coincidence and coupled fixed point theorems for nonlinear contractive mappings in
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these spaces. Recently, Karapinar [5] introduced the concept of a quadruple fixed point and mixed
monotone property of a mapping F': X x X x X x X — X and obtained some quadruple fixed point
theorems in partially ordered metric spaces. Extending this work, quadruple fixed point theorems are
developed and related fixed point theorems are proved in ([5]-[11]).

Most recently, Imdad et al. [12] introduced the concepts of n-tupled coincidence as well as n-tupled
fixed point and utilize these two definitions to obtain n-tupled coincidence as well as n-tupled common
fixed point theorems for nonlinear mappings satisfying ¢-contraction condition in partially ordered
complete metric spaces.

In [13], Doric et al. showed that a mixed monotone property in coupled fixed point results for mappings
in ordered metric spaces can be replaced by another property which is often easy to check. In
particular, it is automatically satisfied in the case of a totally ordered space. Hence these results
can be applied in a much wider class of problems. The purpose of this paper is to present some
n-tupled coincidence point results for a pair of mappings without mixed monotone property satisfying
a contractive condition of rational type in metric spaces equipped with a partial ordering. Also we
present results on the existence and uniqueness of n-tupled common fixed points.

2 Preliminaries

The following notions were introduced in [3].

Let (X, <) be a partially ordered set equipped with a metric d such that (X, d) is a metric space. We
endow the product space X x X with the following partial ordering:
for (z,y), (u,v) € X x X, define (u,v) < (z,y) © = = u,y < v.

Now we present some basic notions and results related to coupled fixed point in metric spaces.
Definition 2.1. Let (X, <) be a partially ordered set and F' : X — X be a mapping. Then F is said

to be nondecreasing if for all z1,z2 € X, x1 < x2 implies F(z1) < F(z2) and nonincreasing if for all
xr1,T2 € )(7 1 = T2 |mpI|es F(ml) >~ F(xg)

Definition 2.2. Let (X, <) be a partially ordered setand F: X x X — X and g : X — X be two
mappings. Then F' and g are said to be commute if F'(gz1, gz2) = g(F(x1,z2)), for all z1,z2 € X.

Definition 2.3. [4] Let (X, <) be a partially ordered setand F': X x X — X and g : X — X be two
mappings. Then F'is said to have mixed g-monotone property if for any z,y € X, F(z,y) is monotone
g-nondecreasing in its first argument and monotone g-nonincreasing in its second argument, that is,
for

z1,22 € X, gr1 X gro = F(21,9) 2 F(22,9)

y1,92 € X, gy1 2 gy2 = F(z,y1) = F(z, y2).
If g = I (identity mapping) in Definition 2.3, then the mapping F' is said to have the mixed monotone

property.
Definition 2.4. [14] Two mappings F' : X x X — X and g : X — X are said to be compatible if

lim d(g(F (xn,yn)), F(9Tn, gyn))

n—o0 =0
lim d(g(F(yTHxn))7F(gynvgmn)) = 07

n—00

where {z,,} and {y»} are sequences in X such that

lim F(zn,yn) = lim gz, =z

n— o0 n— oo
lim F(yn,zn) = lim gyn =y,
n—o0 n— o0

736



British Journal of Mathematics and Computer Science 4(5), 735-748, 2014

for some z,y € X are satisfied.

Definition 2.5. [4] An element (z,y) € X x X is called a coupled coincidence point of the mappings
F:XxX—>Xandg: X — X if

F(z,y) = gz and F(y,r) = gy.

If g = I (identity mapping) in Definition 2.5, then (z,y) € X x X is called a coupled fixed point.

Definition 2.6. [5] An element (z,y,z,w) € X x X x X x X is called a quadruple coincidence point
ofthemappings F: X x X x X x X - Xandg: X — X if

F(x,y,z,w) = gz, F(y,z,w,x) = gy, F(z,w,x,y) = gz and F(w, x,y, z) = gw.

If g = I (identity mapping) in Definition 2.6, then (z,y, z,w) € X x X x X x X is called a quadruple
fixed point.

If elements z, y of a partially ordered set (X, <) are comparable (thatis, = < y or y < z holds) we will
write x § y.Let F: X x X - X and g : X — X be two mappings. Then we consider the following
condition:

If ,y,u,v € X are such that gx § F(z,y) = gu, then F(z,y) § F(u,v).

If g is an identity mapping then for all =, y, v if = § F(x,y), then F(x,y) é F(F(z,y),v).

Theorem 2.1. [15] Let (X, <, d) be a complete partially ordered metric space. Let F : X x X — X
and g : X — X be two mappings. Suppose that the following hold:

(a) g is continuous and g(X) is closed;

(b) F(X x X) C g(X) and g and F are compatible;

(c) for all z,y,u,v € X, if gx § F(z,y) :<gu7 then F(z,y) § z(u, v),

(d) there exist zo, yo € X such that gzo = F(zo,y0) and gyo = F(yo, o),

(e) there exists o € [0,1) such that for all x,y, u,v € X, with gz § gu and gy § gv, satisfies,
d(F(z,y), F(u,v)) < a max {d(gz, gu), d(gy, gv), “em-L ol () dgnble)dlgu.l (r.0)

d(gz,gu) ’ d(gz,gu)

d(gy7F(y7$))d(gU1F(v7u)) d(gyaF(’U7u))d(gU1F(yv‘T))}
d(gy, gv) ’ d(gy, gv) ’

(2.1)

(f) F is continuous.
Then there exist z,y € X such that F(x,y) = gz and F(y,x) = gy, thatis, F' and g have a coupled
coincidence point (z,y) € X x X.

Throughout the paper, we consider n to be an even positive integer. We begin with the following
definitions (here X" = X x X x X X ... x X(n times)):

Definition 2.7. [12] Let (X, <) be a partially ordered set. Let F : X* — X andg : X — X
be two mappings. Then the mapping F' is said to have the mixed g-monotone property if F is g-
nondecreasing in its odd position arguments and g-nonincreasing in its even position arguments, that
is, if,

for all iﬂ%ﬂL‘%EX, gw%jgw%zF(m%,xQ 23, 2™) < F(ad, 2?23, .., 2™)
for all 1:1,;182 € X, g;tl -<gx2 = F(z', 23, 2%, ..., 2™) = F(z* xg,xs ey ™)
forall 23,23 € X, go¥ < g3 = F(a', 2% 23,...,2™) < F(z', 22,23, ...,2")

forall 27,23 € X, ga¥ < gz = F(z', 22,23, ... 27) = F(a', 22,23, ..., 23).

If g = I (identity mapping) in Definition 2.7, then the mapping F is said to have the mixed monotone
property.
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Definition 2.8. [12] Let (X, d) be a metric space and let F : X" — X andg : X — X be two
mappings. Then F' and g are said to be commute if

F(gz', ga?, ..., gz™) = g(F(z", 2>, ...,a™)) for all ', 2%, ..., 2" € X.
Definition 2.9. Two mappings F': X" — X and g : X — X are said to be compatible if

im d(g(F(2y,, T, Ton, ooy ), F (900, 9T, 9T, oo, gT0)) = 0
m—>00

lim d(g(F(xgn’ w?ﬂ’ ety le’ x'}n))’ F(gxgna gm?n? AR gxfn? gx'}n)) = 0

m—r 00

lim d(g(F(xZ’uxvln7m%w7x?n71))7F(gxg’ugx3n7gm3nv79‘7::77;1)) = 07
m— o0

where {z;, }, {22}, ..., {z% } are sequences in X such that

. 1 .2 .3 n . 1 _ .1
lim F(xmvxmvxma axm) = lim 9Ty =T
m— 00 m—r 00

. 2 3 n 1 . 2 _ 2
lim F(x7, X,y Ty Ty) = lim gxy, =
m—r 00 m— 00

1~ F n 1 2 n—1y __ 1 n o ___n
11 (xm7mm7wm7"'7xm )_ m gy, =2,
m—r 00 m—r 00

for some z!,z?, ..., 2" € X are satisfied.

Definition 2.10. [12] An element (z!,z2,...,2") € X" is called an n-tupled coincidence point of
F: X" Xandg: X - X if

If g = I (identity mapping) in Definition 2.10, then (z',22,...,2™) € X™ is called an n-tupled fixed
point.

Remark 2.1. Definition 2.10 with n = 2,4 respectively yield the definitions of coupled coincidence
point and quadrupled coincidence point.

3 Main Results

Now our main result is as follows:

Theorem 3.1.Let (X, <,d) be a complete partially ordered metric space. Let F : X" — X and
g: X — X be two mappings. Suppose that the following hold:

(a) g is continuous and g(X) is closed;

(b) F(X™) C g(X) and g and F are compatible;
(c)ifxt 2%, ..., x", y', 9>, ...,y" € X, are such that g=*
F(zt 22, ..., 2™) § Fly' 2, .. 0™),

(d) there exist x5, 2, ..., x% € X such that

F(z" 22, ..., 2™) = gy', then

VIIA

1< 1 2 n 2 < 2 n 1 n < n 1 n—1
9xo ; F(x(tha"'axO)ang = F(an"'va:xO)y"ngO = F(x07x07"'7m0 )7
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(e) there exists o € [0,1) such that for all z*, 2%, ..., z™, y*, v, ...,y™ € X, for which gz égy17 gz? §
gy?, ..., gz" § gy", with gz* # gy', gz® # gy?, ..., gz™ # gy", satisfies,
d(F(z' 2%, . 2"), F(y',y?, . y")) < e max {d(ga, gy'), d(g2?, gy°), ..., d(gz", gy™),
d(gzt, F(x', 22, ..., z™))d(gy', F(y*, 4%, ..., y™))
d(gz", gy") ’
d(gz?, F(2?,...,x™, z"))d(gy®, F(°, ..., y™, y"))
d(gz?, gy?)
d(gz™, F(z™, z*, ..., 2" )Nd(gy"™, F(y™, y", ...,y 1))
d(gz™, gy™) ’
d(gzt, F(y', y?, ..., y™))d(gy*, F(z', 22, ..., z™))
d(gz', gy") ’
d(gz®, F(y?, ...,y™, y"))d(gy?, F(2?,...,z", "))
d(gz2, gy?)
d(gz™, F(y™,y*, ...,y " )d(gy™, F(z™, z', ..., 2" ")) ) (3.1)
d(gz", gy") ’ '

(f) F is continuous.
Thenthere existx', z2, ..., 2™ € X suchthat F(z', 22, ..., 2™) = ga', F(2?, ..., 2", z') = ga?, ..., F(z",
z', ..., 2" = ga”, thatis, F and g have an n-tupled coincidence point (z*, 22, ...,2™) € X"

Proof. Using conditions (b) and (d), construct sequences {z,,}, {z2}, ..., {7} in X satisfying
g‘r}n = F(‘r}n—l7m$n—17w§n—17 ceey ‘r%—l)
gmﬁz = F(mﬁmfbwgnfh (XS} 1121717 x'}nfl)
933% = F(x;n;t—hm’}n—lvw?n—h ""x:Ln_—ll) fOI‘ m Z 1.

F(x$,23,...,25) = gz and condition (c) implies that

VIIA

By (d), g4

gx% = F(x(1)7xg’ "'71:3) F(m}7x%7""w?) = gw%'

VIIA

Proceeding by induction, we get that gz.,_; § gzL, and similarly
9Tt = G, 9T = G, ors GTp—1 = gy, for each m > 1.
Now from contractive condition (3.1), we have

d(gm$n+lag‘rrln) = d(F(mvlfrw xfnu -"7I7nn)7 F(‘r'}n—hxfn—la seey m%—l))
< o max {d(gmin,gx;_l), 0922, 2% 1), o d(gal, g7y ),

d(gx}’nvF(x}n7x$na"'7m:ln))d(gx}n—17F(x}’n—laxgn—h"'7:671';—1))
(gt 923, _1)
d(gm%m F(mﬁm -~'7x%am'}n))d(gx72n—l7 F(xzn—lu -"1m'rnn—l7x71n—1))
(927, 977, 1)
d(gmfnvF(mfn7x'}n7"'7w71;;1))d(gx:ln—17F(mfn—lax%n—la"'ax:Ln_—ll))

d(gaiy, gx7,_q)

)
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d(gl’}na F(x}n—lv xgn—lv ) w:}n—l))d(gm’}n—lv F(w'}nv 'Tgna st x%))

(9w, 925, —1)
d(gx%'n F(xgnfh o T 1, x'}nfl))d(gxgnfh F(x'?na w5 Ty itin))
d(gz?,, g7, 1)
d(gzl, F(zh_y,xh_ 1,z ) d(gz_y, F(xh, 2l oy x )
gz, 977, 1) }

)

g eeny

= G 1max {d(gxinagxin—l)’ d(gxfn, gx'%n—l)a (i) d(gm:lYM 937%_1),
(9, G20 1)A(GT 1, 9T0)  A(gTi, g 1)d(gTi0—1, 97
d(gx}mgx}n_ﬂ ’ d(gfﬂ%,gxfn_l)
d(gzp, 9Tm1)d(gTm—1,971m) AGTm, 9Tm)A(GTr—1, 9Tis1)
d(gx?,, 9oy, ’ d(gzh,, gz, 1)
d(ga?,, gro,)d(gzr, 1, gm1) gz, gz )d(gam, 1, 9T 1) }
d(gﬁmgfﬁn_l) T d(gm%,gwﬁl_l)
= amax {d(gx'}rn gm'}nfl)7 d(gmfru gxiq,fl% ERE) d(giEZu glenfl%

d(gx'}na gx'}n+1)7 d(gxgrn g$3n+1)7 cery d(gx:ln, gx%*kl)} (32)

yeny

Similarly we have,
d(9$3n+1»g$$n) < a max {d(git:n:gxrlnfl)y d(ga:?n,gx?nfl% ~~-,d(9372n79$7n71)7

A(9Trns GTims1), AGTo, 9T 1), oy A(GT 0, 9Trir) -

d(gzp iy, grm) < amax {d(gzm,, 9T —_1), d(gTo, gTom_1), -, d(gTim, gTm_1),
A(GT s 9T 1) AGToms 9T 11)s s (920, 9T 1)}
Let
Om = max {d(gT i1, 9Tm), AGTon i1, GTo ), ooy A(GT i1, gT1) }.
Hence
max {d(gTm 41, 9%m), AT 11, 9T, - A(g2ri1, gT1m) }
< & max {d(gzhy, gk 1), d{gzt, 6T2s1), o d{gT T1)} = AOm 1.

By induction we get that
max{d(gx}na gx'}n+1)7 d(gwin gxzn+1)7 (L) d(gx:;m g$%+1)} S am00~

It easily follows that for each m,l € N with | < m we have

l l 1

o0, d(gaf, gah) < 70— 00, . d(gal’, gut) < T

d(gxi, grr,) < .

Therefore {gx1.}, {922}, ..., {ga™} are Cauchy sequences and since g(X) is closed in a complete
metric space, there exist =, z?, ..., 2" € g(X) such that

i U hm Pzt 2 n 1
im gz, = lIm F(Z,_1,Tm 1, Tm_1) =T

. 2 . 2 n 1 2
lim gz;, = lIm F(Z,_ 1,y @m_1,Tm_1) =
m—r o0 m—>00
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. n . n 1 n—1
Jirgogmm = n’%l_r}(l)oF(xmfhxmfla‘“?xm—l) =T .

Compatibility of F' and g implies that

Hm d(g(F (T, i, ooy T0))s F(9Tm, 9o, s gT10)) = 0

m— oo

lim d(g(F (25, oy T )y F (9270, oos 920, 92)) = 0

m—r o0

im d(g(F(xm, T, oo T ), F(g20, 9T, o gz ) = 0.

m—r o0

As F'is continuous, therefore
F(g:r,ln,g:cfm ey GTyy) = F(axl7 z2, )
F(ga2,, ..., gz, gzr,) — F(2®, ... x", ")

n—1

F(gx;,g:rim ey Ty ) = F(a:”,xl, ...,x”_l).

Using triangle inequality, we get
A(gz", F(gTm, 9T, s gTm)) < d(ga’, g(F (T, Tns oo )+
+d(G(F (T T s Tm))s F (90, G5 05 g )-
By taking m — oo and using continuity of F' and g, we have
d(gz', F(z",2?,...,2™)) = 0, that is gz' = F(z", 2%, ..., z"),

and in a similar way, we have

gz® = F(xQ, ez’ xl), vy gzt = F(x",acl, - x"_l).
Thus F and g have an n-tupled coincidencve point.
If g is an identity mapping in above theorem, we have the following result:

Corollary 3.1. Let (X, <,d) be a complete partially ordered metric space and let F : X" — X be a
mapping. Suppose that the following hold:
() forall z*, 2>, ....a", y*, 2, ...,y" € X ifa' = F(z', 22, ..., 2"), then

=
12 < 1 2 2 3
F’(iE , T 7'“7mn) § F(F(SE' , T 7-"7xn)ﬂy 'Y 77yn)7
.. . < < <
(ii) there exist =}, z%,...,x% € X such that z} = F(x$, 23, ..., x8), x5 = F(xd, ..., z8, x), «f =
3 1,2 < 1 -1

F(zg, ..., X0, g, T7)s vy TG = F(zg, 25, ...,y ),
. . < <
(iii) there exists o € [0,1) such that for all ', 22, ..., x™, y', 4>, ...,y™ € X for which z* = yt, x? =

Y2, .,z § y" withzt # o' x® # 92, ..., 2" # y" satisfies,
d(F(:cl,:rQ, ez, F(yl,yQ, wy")) <a max{d(azl,yl), d(xQ,y2), wnd(@™y"),
d($17F(x17$27 "'7xn))d(y17F(y17y27 7yn))
d(zt,y') ’

d(z?, F(a?, .., 2", a))d(y®, F(y*, ... y",y"))
d(z?,y?)
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d(xn’ F(:'En’ "Lll’ AR} xnil))d(yn7 F(y”’ y17 A ynil))
d(z™, y™) ’
dz', F(y', y% ., y™))d(y", F(z', 22, ..., a™))
d(z',y") ’
d(x27 F(y27 RS} yn7 yl))d(y27 F(‘T27 ey xn7 xl))
d(z?,y?)

d(mn’ F(yn7 yl’ A ) ynil))d(yn’ F(:L'n7 xl’ A ) xnil))} (3.3)
d(z™, y™) ’

(iv) F is continuous.
Thenthere existx', z2, ..., ™ € X suchthat F(z", 22, ..., 2™) = «*, F(2?, ..., z", 2") = 2%, ..., F(¢", z',
e x™™ 1Y) =z thatis, F has an n-tupled fixed point (', 2?,...,x™) € X™.

Now we shall prove the existence and uniqueness of n-tupled fixed point. Note that, if (X, <) is a
partially ordered set, then we endow the product space X™ with the following partial order relation:
for (z', 22, ..., 2™), (', %, ..., y™) € X"

(y17y27"'7yn) j (‘rl7m27"'7a"n) <:> "I’.l j y17x2 t y27$3 j y37 "'7:'En i yn’

Theorem 3.2. In addition to the hypotheses of Theorem 3.1, suppose that for every (z*, 22, ..., x™), (2",
2%, .., 2") € X" there exists, (y', 4>, ...,y™) € X™ such that (F(y", v, ..., y™), F(¥*, ..., 4™, v"), ..., F(y",
v, ..., y" 1)) is comparable to both (F(z', 2%, ..., 2™), F(z*, ..., 2", 2", ..., F(z", 2", ...,z" 1)) and
F(z',22,...,2"), F(22, ..., 2", 2Y), .., F(2", 2%, ..., 2" 1)). Then F and g have a unique n-tupled common
fixed point, that is, there exists (u',u?,...,u™) € X™ such that

u' =gu' = Fu',u?, ... u")
uw? =gu’ = F(?, ... u",u')

u" =gu” = Fu"u', .. u" ).

Proof. From Theorem 3.1, the set of n-tupled coincidence points of F and g is non empty. Suppose
that, (z*, 22, ...,2™) and (2!, 2%, ..., 2™) are two n-tupled coincidence points, that is,

F(z',2?, ...,a") = ga', F(z', 2% .., 2") =gz'

F@®, .. z" a") =ga®, F(2%, .., 2" 2") =gz’

Fz™, 2", .., 2" ) =gz, F(z", 2", .., 2""") =gz"

We shall show that
gr' = gzt git = g2*, ..., gz" = g2".

By assumption, there exists (y',y?, ...,y™) € X™ such that
(F" v, y™), FP, oy y ) F™ s o y™ ),

is comparable to

and
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Put yb = ¢!, 42 =42, ...,y% = y™ and choose y1,v%, ...,y € X such that
9y1 = F (40,40, Yo, - Y0

9yt = F(Y3: Yo+ Y0, Y0)

9y = F (Y5 Y0, Yos - vt ).

Then similarly as in the proof of Theorem 3.1, we can inductively define sequences {gy:. }, {9y},
.-, {g9ym} such that
1 1 2 3 n
9Ym+1 = F(Ym, Yo, Yms -5 Ym)

2 2 3 n
gym+1 = F(ym7ym7 7ym7y71n)

9Ymi1 = F Wi Y Yo Y ) ¥m €N,
Further set zp = 2! 22 = 22, ..., 2} = 2" and 24 = 2%, 22 = 2°,..., 28 = 2" and on the same way,
define the sequences {gz;,}, {922}, ..., {gzm} and {gz}.}, {922}, ..., {gz%}. Then as in Theorem
3.1, we can show that

1 1 12 n 1 1 1.2 n
9Ty = g = F(z ,2°,..,2"), gzm = g2 = F(z,2°,...,2")

2 2 2 no_1 2 2 2 n 1
9T, = g =F(z°, .., x), gzm — gz = F(z°,..,2",2")

grp, = gr” = F(z", 2", .., 2" "), gzl —» gz" = F(z", 2", ...,2" ")) YmeN.

Since

(F(z', 2?2, .. 2™), F(a®, 2%, .. " x"), ..., F(a", 2", 2%, ..., 2" "))

= (921,927, ..., gxt) = (g2*, g2, ..., g2"),

and

(F' o0,y PO 0 vy, Pyt %,y )

= (g9y1, 991, - 1),
are comparable. Then we have

gz'

3 n

VIIA

o2 02 < .3
9Y1,9T ;gy17gx ;gyl,...,g:c
and in a similar way, we have

gy'}n = F(y'}nflayszlv'“,y:;fl) F($17$2, axn) = gml

VIA - VIIA

Yo = F(Yr 1y s Y1, Ym1) = F(2?, . 2", 2") = ga?

nfl) n

n n n— < n
9Ym = F(ymflvyvlnflv---vymfll) = F(‘T 71'17 e X =g .

Thus from (3.1) with gz! # gyl,, gz # gy2,, ..., gz™ # gy, we have

d(gm17gy’}n+1) = d(F(.’L‘l,ZB2, seey ‘rn)a F(yflna y72n? 7y77;l))

< a max {d(gxlygyrln), d(g2®, gym), .., d(gz", gym),
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d(gz', F(z', 2, .. &™) d(9Yms F Ums Y- - Ym))
d(gz', gyh)
d(gz®, F(a®, ..., 2" 2"))d(gym, F (Yam-s > Y Yim))
d(g2?, gy3,)
d(gz", F(z",a", ..., )d(gym: F(Yms Y- - U 1))
d(gz™, gym)
(g, F(Yms Yo - Ym))A(gym, F(z', 2°, ... z™))
d(gz', gy)
A(g2®, F (Y- s Y Ym) ) A(gym, F(2®, ...z zh))
d(gz?, gy2,)
A(gz", F (Yo Ym-ws > Y ))d(gym, F (", x', . a" 1)) }
d(gz™, gym) ’
= amax{d(gz", gyn), d(92°, gyi), .-, d(gz" , gym),
d(9$17 gyin+1)7 d(9$27 gyfnﬂ), . d(gz”, gy"’rln+1)}' (3.4)

I

)

I

)

I

Similarly, we can prove that
d(g2%, gym+1) < a max{d(gz®, gys), ..., d(gz", gym), d(gz", gym),

d(g2%, gymi1)s - A(92", gymi1), d(gz", gYms1)}

d(ga", gym+1) < o max{d(gz", gym), d(gz", gym), .. d(gz" ", gym '),
d(gz", gym+1), d(gz", gyms1), - dlgz” ", gymi i)}
Hence
max{d(gz", gym+1), d(g2%, gymi1), - (92", gym+1)}
< amax{d(gz', gym), d(gz*, gyim), .-, d(gz", gym)},
and by induction,
max{d(gz", gym-+1), d(92°, gyim+1), - d(gz", gym1)}

< a™ max{d(gz', gy"), d(g2°, gy°), ..., d(g2" , gy")}.
On taking limit m — oo, we get

lim d(ga:l,gy71n+1) =0, lim d(gxz,gyfnﬂ) =0,..., lim d(gz",gyms1) =0.
m—r o0 m—r o0 m—r 00
Similarly we can prove that
lim d(gz', gym+1) =0, lim d(gz°, gyms1) =0,..., lim d(gz", gym1) = 0.
m—r0o0 m—r o0 m—>0o0
Finally, we have

(92", g2m) + d(92p, 92")

d(gz',gz') < d
< d(g2?, gz,) + d(gat,, g2°)

d(ga®, g2°)

d(gaz", gz") < d(gz", gzm) + d(gzm, gz").
=d

Taking m — oo in these inequalities, we get d(gz', g2') (ga?,g2%) = ... = d(ga™, gz™) = 0, that
is,

gzt = gz, g2® = g2, ..., gz" = g2".
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Denote gz! = p!, gz? = p?, ..., gz™ = p™, we have that
gp' =glgz') = g(F(a',a*, ...;z"))

gp® = glga®) = g(F(a*, ...,a" ,z"))

gp" = g(gz™) = g(F(JE",$17 ...,x"fl)).
By the definition of sequences {z1,}, {#2,}, ..., {z% }, we have

1 1 2 n
9Tm = F(:I:mfl::rmfh "',x'mfl)
2 2 n 1
9Ty = F($m71, --wwmflvxmfl)
n n 1 n—1
9Tm = F(xmflaxmfly "'7"r’m71)7
and so
1 1 2 n 2 2 n 1 n n 1 n—1
9Tm — F(z 2%, ...,2"), gz, — F(z°,..,z",x), ..., g2y — Fz", 2", ...,2"" ")

Compatibility of F' and g implies that

lim d(g(F (2, T, s T))s F (9T, 9200, -y 9270)) = 0,

m— o0

that is,
g(F(z',a?, ...,a")) = F(ga', gz°, ..., ga").
Then gp' = F(p',p?, ...,p™) and similarly,
ap® = F(p*,...,p",p"), ..., gp™ = F(p",p",...,p" " "). Thus (p',p?, ...,p™) is an n-tupled coincidence
point. Thus, it follows gp' = gz*, gp® = g2, ..., gp™ = gz", thatis, gp' = p*, gp®> = p, ..., gp™ = p™.
Hence
1 1 1 2
p =gp =F(p,p°,...p"),
p*=gp’ =F(* ...p"p"),

pn _ gpn _ F(p",pl, -“’pnfl)'
Therefore (p',p?,...,p") is an n-tupled common fixed point of F and g. To prove the uniqueness,
assume that (¢', ¢%, ..., ¢") is another n-tupled common fixed point. Then as above we have

1 1 1 1
9 =99 =g9gp =P,

2 2 2 2
9 =99 =9p =P,

n n

q" =gq" =gp" =p".
Hence, we get the result.
Example 3.1. Let X = [0,1]. Then (X, d, <) is a partially ordered set with the natural ordering < of

real numbers and natural metric d(x,y) = |& — y| for all 2,y € X. Define g : X — X by g(x) = 2 for
alz e X and F : X" — X (wherein n is fixed and n > 1) by

F(:c17x2, wnz) =
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forall z*, 22, ...,z™ € X. All the conditions of Theorem 3.1 are satisfied, the contractive condition (for
o = 1), follows from
d(F(a:l,a:Q,xia, ...,x"),F(yl,y2,y3, s y™)
2 n
_ (@ @)+ @ et (@) ()
2n ’ 2n

m 2n
- ] (@D = @H°) + (@) = @) + (@*)° = ) + .+ (@) = (1))
2n
@) = @I 1ED - @ 1@ = 6+ e+ @)~ )
= 2n
<o [n max{uxlf — @11 = @ LED = @) @) - <y">2|H
- % |:max{|gx1 —gy'|:192” — gv”|, |97”° — gy, ..., 92" — gyn|H
_ % {maX{d(gwl,gyl),d(gw27gy2),d(gm3,gy3)7 e g2, 9y")

d(gxl’ F(wl’ xz’ s xn))d(gyl’ F(y17 y2’ s yn))

< amax {d(gz', gy'), d(g2?, gy®), ..., d(gz", gy™),

d(gz', gy') '
d(ga®, F(2?, ..., 2", 21))d(gy®, F(v*, .. y"y")  dlga”, F(a"a,oa™ D))d(gy™ F(y",y's o y™ 1))
d(gz?, gy?) T d(gz", gy™) ’
d(gxl’F(y17y2’""yn))d(gyl7F(ml7m27"'7xn)) d(gx27F(y27"'7yn7yl))d(gy27F(m27"'7xn7m1))
d(gz*, gy*) ' d(gz?, gy?) T
d(gz", F(y",y",...y" ))d(gy™, F(z",2",....a" ")) 1.
d(gz™, gy™)

Hence, all the conditions of Theorem 3.1 are satisfied and (0, 0, ..., 0) is an n-tupled coincidence point
of F and g.

4 Conclusions

In this paper, we present some n-tupled coincidence point results (for even n) for a pair of mappings
without mixed monotone property satisfying a contractive condition of rational type in metric spaces
equipped with a partial ordering. Also some results on the existence and uniqueness of n-tupled
common fixed points are proved.
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