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ABSTRACT

How to control chaos in the economic system has aroused the interest of researchers. We research
the chaos control in a new Resource-Economic-Pollution system by time-delayed feedback control.
By determining the appropriate range of time delay τ and feedback strength k, the chaotic
phenomena of the system are controlled. We verify the linear stability and the existence of Hopf
bifurcation of the system. Numerical simulations show that chaos control can eliminate the chaotic
behavior of the system and stabilize the system at the equilibrium point. When the time lag term
is in a certain interval, the chaotic phenomenon of the system will disappear and the system will
be controlled in a stable state. In practice, due to capacity and financial constraints, the firm or
the government often restrains output through many methods to confine the range of fluctuations
in these variables. This shows that the government or corporate decision makers have often used
this approach consciously or unconsciously to promote steady economic growth.
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1 INTRODUCTION

The influence of chaos on modern science is not
limited to the natural sciences, but also involves
economics, sociology, biology, and so on [1, 2, 3].
However, the appearance of chaos often leads
to abnormal behavior of the system. Economic
systems are nonlinear in nature. In general,
chaotic phenomena must arise from nonlinear
systems[4]. Chaos may lead to economic
instability, economic crisis in serious cases, and
even threaten the security and stability of the
country. Thence how to control the chaos has
caused widespread concern among scholars.
[5, 6, 7, 8].

Recently, researchers have become increasingly
interested in controlling the chaos in economic
systems by different methods [9, 10, 11, 12, 13].
Ott, Grebogi and Yorke [14] proposed the OGY
control method, which was successfully applied
to chaos control in some economic systems
[15, 16]. Kass linked the chaotic target method
with the OGY method to stabilize chaos in
dynamic macroeconomic models [17]. These
methods need accurate system information prior
to implementation. Therefore, to make an
accurate decision, the government must have
a large amount of relevant economic data, which
is impractical or very expensive [18]. Pyragas
[19] proposed a method for chaotic control using
delayed feedback signals. A lot of researches
have been carried out on time-delay control
[20, 21, 22, 23, 24, 25]. Compared with other
methods, time-delayed control is a simple and
effective method to control chaos in economic
models. Because it does not require any system
information [26]. Thus, we adopt the time-
delayed feedback control method in the present
paper.

In this paper, we use the time-delayed
feedback control to research the REP system
[27]. Because unstable fluctuations are
always regarded as unfavorable phenomena in
traditional economics [18], we added time delays

for new economy scale. Under appropriate
feedback strength, the economic scale chaotic
system is controlled to a steady state. The local
stability of the system and the existence of Hopf
bifurcation are studied by theoretical analysis. It
is proved that the chaos disappears when the
time delay reaches a certain value.

This paper is organized as follows. In Section
2, based on the delayed feedback control
method, the stability and the period of one of
the equilibrium points are analyzed. To verify the
theoretical analysis, Section 3 gives numerical
simulations. Finally, a conclusion is given in
Section 4.

2 ESTABLISHMENT OF
THE MODEL

Yin et al. discovered a novel chaotic system:


dx

dt
= a1x + a2y − a3yz − a4x,

dy

dt
= b1x(1 −

x

M
) − b2y − b3z + b4(z − x),

dz

dt
= c1xy − c2z + c3(y − x),

(2.1)

where x(t) is the total resource consumed
in a region during a given period, y(t), of
economy scale, z(t), of pollution [27]. ai, bi,
ci, (i=1,...,3) are positive system parameters, and
M represents the maximum value of resource
consumption.

We control the chaotic system (2.1) with the time-
delayed feedback strategy. We apply the time-
delayed force k[y(t) − y(t − τ)] to the second
equation of the system (2.1), where τ is a time-
delay term, satisfying τ greater than 0 and k ∈ R.
The magnitude of the τ value is the length of the
reaction time, k is the feedback gain. Since the
output in the previous period will affect the current
economic growth rate, the control term k[y(t) −
y(t − τ)] is introduced, where k[y(t) − y(t − τ)]
represents the production within a certain period
of time. Then the system (2.1) is described as:


ẋ = a1x+ a2y − a3yz − a4x,

ẏ = b1x(1−
x

M
)− b2y − b3z + b4(z − x) + k[y(t)− y(t− τ)],

ż = c1xy − c2z + c3(y − x),

(2.2)
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By the linear transform, system (2.2) is changed to:
ẋ = a11x+ a12y + a13z,

ẏ = a21x+ a22y + a23z + a24y(t− τ),

ż = a31x+ a32y + a33z,

(2.3)

where
a11 = a1 − a4, a12 = a2 − a3z

∗, a13 = −a3y
∗, a21 = b1 − b4 − 2b1x

∗/M,

a22 = −b2 + k, a23 = b4 − b3, a24 = −k, a31 = c1y
∗ − c3, a32 = c1x

∗ + c3, a33 = −c2.

The characteristic equation system (2.3) is

λ3 +A2λ
2 +A1λ+A0 + (B2λ

2 +B1λ+B0)e
−λτ = 0, (2.4)

where A2 = −a11 − a22 − a33, A1 = a11a22 + a22a33 + a11a33 − a13a31 − a12a21 − a23a32, A0 =
a11a23a32 + a12a21a33 + a13a22a31 − a11a22a33 − a12a23a31 − a13a21a32 B2 = −a24, B1 = a11a24 +
a24a33, B0 = a13a24a31 −a11a24a33. In order to analyze the distribution of roots of the transcendental
equation (2.4), we introduce the following lemma.

Lemma 1. [28] Consider the transcendental equation:

P (λ, e−λτ1 , · · · , e−λτm) = λn + p
(0)
1 λn−1 + · · ·+ p

(0)
n−1λ+ p(0)n + [p

(1)
1 λn−1+

· · ·+ p
(1)
n−1λ+ p(1)n ]e−λτ1 + · · ·+ [p

(m)
1 λn−1 + · · ·+ p

(m)
n−1λ+ p(m)

n ]e−λτm = 0,
(2.5)

where τj > 0(j = 1, 2, · · · ,m) and p
(j)
k (j = 0, 1, 2, · · · ,m; k = 1, 2, · · · , n) are constants. As

(τ1, τ2, · · · , τm) vary, the sum of orders of the zeros of P (λ, e−λτ1 , · · · , e−λτm) on the open right
half plane can change, and only a zero appears on or crosses the imaginary axis.

When τ = 0, Eq.(2.4) has the form :

λ3 + (A2 +B2)λ
2 + (A1 +B1)λ+A0 +B0 = 0. (2.6)

By the Routh-Hurwitz criterion, all the roots of Eq.(2.6) have negative real parts if and only if:

A2 +B2 > 0, A0 +B0 > 0, (A2 +B2)(A1 +B1) > A0 +B0, (H1)

Therefore, the equilibrium point is stable when the condition (H1) is satisfied.

According to the Hopf bifurcation theory [29], let λ = ±i ∗ ω be a root of the Eq. (2.4). Then we can
obtain:

− ω3i−A2ω
2 +A1ωi+A0 + (−B2ω

2 +B1ωi+B0)e
−ωτi = 0. (2.7)

Separating the real and imaginary parts, we have{
(B0 −B2ω

2)cosωτ +B1ωsinωτ = A2ω
2 −A0,

B1ωcosωτ − (B0 −B2ω
2)sinωτ = ω3 −A1ω.

(2.8)

Adding the squares of both sides, we get:

(B0 −B2ω
2)2 + (B1ω)

2 = (A2ω
2 −A0)

2 + (ω3 −A1ω)
2,

3



Fan et al.; JERR, 7(4): 1-9, 2019; Article no.JERR.51786

which is equivalent to
ω6 + pω4 + qω2 + r = 0, (2.9)

where
p = A2

2 −B2
2 − 2A1, q = A2

1 − 2A0A2 + 2B0B2 −B2
1 , r = A2

0 −B2
0 .

Denoting z = ω2, then Eq.(2.9) becomes

z3 + pz2 + qz + r = 0. (2.10)

Let
h(z) = z3 + pz2 + qz + r. (2.11)

Since lim
t→+∞

h(z) = +∞ and h(0) = r = A2
0 −B2

0 , we assume that

∆ = p2 − 3q > 0, z∗ =
−p±

√
∆

3
> 0, h(z∗) ≤ 0. (H2)

Suppose that Eq. (2.11) has two positive roots z1 and z2. Then Eq. (2.9) has two positive roots
ωk =

√
zk, k = 1, 2. The corresponding critical value of time delay τ j

k is

τ
(j)
k =

1

ωk
{arccos[ (A2ω

2
k −A0)(B0 −B2ω

2
k) +B1ωk(ω

3
k −A1ωk)

(B0 −B2ω2
k)

2 + (B1ωk)2
] + 2jπ}, (2.12)

where k = 1, 2; j = 0, 1, 2, · · · .

Lemma 2. [29] If the conditions (H1) and (H2) hold, the following cross-sectional conditions are
available.

[
d(Reλ(τ))

dτ
] ̸= 0. (2.13)

Let λ(τ) into Eq.(2.4) and derive τ , it follows that

[
dλ

dτ
]−1 =

3λ2 + 2A2λ+A1 + (2B2λ+B1)e
−λτ

λ(B2λ2 +B1λ+B0)e−λτ
− τ

λ

=
(3λ2 + 2A2λ+A1)e

λτ + (2B2λ+B1)

λ(B2λ2 +B1λ+B0)
− τ

λ
.

(2.14)

Then

[
d(Reλ(τ))

dτ
]−1

τ=τ
(j)
k

= Re{ (3λ
2 + 2A2λ+A1)e

λτ + (2B2λ+B1)

λ(B2λ2 +B1λ+B0)
}
τ=τ

(j)
k

= Re{
(−3λ2

k + 2A2λki+A1)(cosωkτ
(j)
k + isinωkτ

(j)
k ) + 2B2λki+B1

λki(−B2λ2
k +B1λki+B0)

}

= Re{M1 +M2i

N1 +N2i
} =

M1N1 +M2N2

N2
1 +N2

2

,

(2.15)
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where
M1 = (A1 − 3ω2

k)cosωkτ
(j)
k − 2A2ωksinωkτ

(j)
k +B1,

M2 = 2A2ωkcosωkτ
(j)
k + (A1 − 3ω2

k)sinωkτ
(j)
k + 2B2ωk,

N1 = −B1ω
2
k, N2 = ωk(A0 −B2ω

2
k).

Assume that the following condition holds

M1N1 +M2N2 ̸= 0. (H3)

Based on the above analysis, we obtain the following theorem.

Theorem 1. For system(2.2), then Eq.(2.9) has two positive roots ω0
1 and ω0

2 , the corresponding
critical values of time delay are τ0

1 τ0
2 .

(1) If τϵ(τ0
1 , τ

0
2 ), the equilibrium S is asymptotically stable.

(2) If τϵ[0, τ0
1 )

∪
(τ0

2 ,+∞), the equilibrium S is unstable. Furthermore, when τ = τ0
1 , τ

0
2 , the system(2.2)

undergoes a Hopf bifurcation at the equilibrium S.

3 DYNAMIC ANALYSIS OF THE MODEL
In this section, to verify and demonstrate the effectiveness and the feasibility of the presented control
method, the simulation results have been performed. When a1 = 0.065, a2 = 0.035, a3 = 0.065, a4 =
0.04, b1 = 0.5, b2 = 0.088, b3 = 0.06, b4 = 0.07, c1 = 0.468, c2 = 0.06, c3 = 0.001, and M = 10,
system (2.1) has five equilibrium points: E0, E1, E3, E4 and E5. We just study the stability of
the equilibrium point E1(0.1383, 0.6807, 0.7388), the other four equilibrium points can be similarly
discussed. We take k = −0.1. Then we consider the following system:

ẋ = 0.025x+ 0.35y − 0.065yz

ẏ = 0.5x(1− x/10)− 0.088y + 0.01z − 0.07x− 0.1[y(t)− y(t− τ)]

ż = 0.468xy − 0.06z + 0.001(y − x)

(3.1)

It is not difficult to verify that the conditions (H1)-(H3) hold. For j = 0, we can get ω0
1 =

0.25634, τ0
1 = 8.14583;ω0

2 = 0.14392, τ0
2 = 33.17992.

From Theorem 1, we know that the system is still chaotic when the delay τ = 0. Fig 1. shows the
chaotic attractor.

When τ is changed from 0 to τ0
1 , the chaotic attractor of the system disappears and the period solution

appears (Fig 2). Chaos first is changed to limit cycle when τ = 2 (Fig 2(a)), and then the limit cycle
becomes a cycle when τ = 4 (Fig 2(b)).

The equilibrium point S is stable for τϵ(τ0
1 , τ

0
2 ), which is illustrated in Fig 3. Fig 3 shows the stability

of the equilibrium point S with time delay for the values of the parameters. When the values of
parameters are τ = 14, τ = 25, Fig 3(a) and Fig 3(b) shows the stability of the equilibrium point S.

The numerical simulations show that when τ > τ0
2 , the bifurcating periodic solution disappear gradually

and chaos occurs again finally in Fig 4. As is shown in the picture, when τ = 46 the system is periodic
(Fig 4(a)), and when τ = 58 the system 3.1 loses its stability and a Hopf bifurcation occurs (Fig 4(b)).

5
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Fig. 1. A chaotic attractor of the REP system for τ = 0.

(a) Chaotic trajectory when τ = 2. (b) Periodic trajectory when τ = 4.

Fig. 2. Phase portrait of system (3.1) in 2-D and 3-D spaces for different time delays.
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(c) Stable trajectory when τ = 14. (d) Stable trajectory when τ = 25.

Fig. 3. Time series and 3-D phase portrait of system (3.1) for different time delays.

(e) Periodic trajectory when τ = 46. (f) Bifurcating periodic trajectory when τ =
58.

Fig. 4. Phase portrait of system (3.1) in 2-D and 3-D spaces for different time delays.
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Therefore, the government should consider the
impact of output in the previous period on
the current economic growth rate, and make
corresponding adjustments. The appropriate
intervention and regulation by the government
can promote the steady development of the
economy to a certain extent.

4 CONCLUSIONS
In this paper, we study the new REP system
at hopf bifurcation occurs and the stability of
equilibrium. We determine the appropriate range
of time delay τ and feedback strength k through
some theorems. Our theoretical results and
numerical simulations show that the time delay
can control the chaotic phenomenon of the
system (2.1). As the delay further increases,
numerical simulations show that the periodic
solution disappears and the chaotic attractor
reappears. In real life, the government can take
appropriate measures to regulate the economy
and stabilize the economy.

ACKNOWLEDGMENT
The research is supported by the National
Natural Science Foundation of China [No.
71673116] and the Natural Science Foundation
of Jiangsu Province [No. SBK2015021674].

COMPETING INTERESTS
Authors have declared that no competing
interests exist.

REFERENCES

[1] Guochang Fang, Lixin Tian, Min Fu,
Mei Sun, Ruijin Du, Menghe Liu.
Investigating carbon tax pilot in {YRD}
urban agglomerationsanalysis of a
novel {ESER} system with carbon tax
constraints and its application. Applied
Energy. 2017;194:635-647.

[2] Guochang Fang, Lixin Tian, Menghe
Liu, Min Fu, Mei Sun. How to optimize
the development of carbon trading in
chinaenlightenment from evolution rules
of the eu carbon price. Applied Energy.
2018;211:1039-1049.

[3] Antonio Algaba, Fernando Fernndez-
Snchez, Manuel Merino, Alejandro J,
Rodrguez-Luis. Comments on shilnikov
chaos and hopf bifurcation in three-
dimensional differential system. Optik.
2018;155:251-256.

[4] Cars H, Hommes Helena, Nusse E, Andrs
Simonovits. Cycles and chaos in a socialist
economy. Journal of Economic Dynamics
and Control. 1995;19(1):155-179.

[5] Yuming Zhang, Jinde Cao, Wenying
Xu. Stability and hopf bifurcation of a
goodwin model with four different delays.
Neurocomputing. 2015;165:144-151.

[6] Chengdai Huang, Tongxing Li, Liming Cai,
Jinde Cao. Novel design for bifurcation
control in a delayed fractional dual
congestion model. Physics Letters A.
2019;383(5):440-445.

[7] Guiyuan Wang, Zhuoqin Yang, Marc
Turcotte. Stability and hopf bifurcation
analysis in a delayed three-node circuit
involving interlinked positive and negative
feedback loops. Mathematical Biosciences.
2019;310:50-64.

[8] Tianshun Wang, Zunshui Cheng, Rui
Bu, Runsheng Ma. Stability and hopf
bifurcation analysis of a simplified six-
neuron tridiagonal two-layer neural network
model with delays. Neurocomputing.
2019;332:203-214.

[9] Jian guo Du, Tingwen Huang, Zhaohan
Sheng. Analysis of decision-making in
economic chaos control. Nonlinear
Analysis: Real World Applications.
2009;10(4):2493-2501.

[10] Wenjuan Wu, Zengqiang Chen, Ip
WH. Complex nonlinear dynamics and
controlling chaos in a cournot duopoly
economic model. Nonlinear Analysis: Real
World Applications. 2010;11(5):4363-4377.

[11] Hassan Salarieh, Aria Alasty. Chaos control
in an economic model via minimum entropy
strategy. Chaos, Solitons & Fractals.
2009;40(2):839-847.

[12] Jianglong Li, Boqiang Lin. The sustainability
of remarkable growth in emerging
economies. Resources, Conservation
and Recycling. 2019;145:349-358.

[13] Michael B. Devereux, Eric R. Young,
Changhua Yu. Capital controls and

8



Fan et al.; JERR, 7(4): 1-9, 2019; Article no.JERR.51786

monetary policy in sudden-stop economies.
Journal of Monetary Economics.
2019;103:52-74.

[14] Ott E, Grebogi C, Yorke JA. Controlling
chaos. Physical Review Letters.
1990;64:1196-1199.

[15] Janusz A. Hoyst, Tilo Hagel, Gnter Haag.
Destructive role of competition and noise for
control of microeconomical chaos. Chaos,
Solitons & Fractals. 1997;8(9):1489-1505.
Controlling Chaos

[16] Ahmed E, El-misiery HA, Agiza
HN. On controlling chaos in an
inflationunemployment dynamical
system. Chaos, Solitons & Fractals.
1999;10(9):1567-1570.

[17] Jianguo Du, Tingwen Huang, Zhaohan
Sheng, Haibin Zhang. A new method to
control chaos in an economic system.
Applied Mathematics and Computation.
2010;217(6):2370-2380.

[18] Liang Chen, Guanrong Chen. Controlling
chaos in an economic model. Physica A:
Statistical Mechanics and its Applications.
2007;374(1):349-358.

[19] Pyragas K. Continuous control of chaos by
self-controlling feedback. Physics Letters A.
1992;170(6):421-428.

[20] Jian Peng, Lianhua Wang, Yueyu Zhao,
Yaobing Zhao. Bifurcation analysis in active
control system with time delay feedback.
Applied Mathematics and Computation.
2013;219(19):10073-10081.

[21] Xiaohong Tian, Rui Xu, Qintao Gan. Hopf
bifurcation analysis of a bam neural network
with multiple time delays and diffusion.
Applied Mathematics and Computation.
2015;266:909-926.

[22] Zunshui Cheng, Dehao Li, Jinde Cao.
Stability and hopf bifurcation of a three-
layer neural network model with delays.

Neurocomputing. 2016;175:355-370.

[23] Conghuan JI, Yuanhua QIAO, Jun MIAO,
Lijuan DUAN. Stability and hopf bifurcation
analysis of a complex-valued wilsoncowan
neural network with time delay. Chaos,
Solitons & Fractals. 2018;115:45-61.

[24] Swati Tyagi, Subit K. Jain, Syed Abbas,
Shahlar Meherrem, Rajendra K. Ray.
Time-delay-induced instabilities and
hopf bifurcation analysis in 2-neuron
network model with reactiondiffusion term.
Neurocomputing. 2018;313:306-315.

[25] Changjin Xu, Maoxin Liao, Peiluan Li, Ying
Guo, Qimei Xiao, Shuai Yuan. Influence
of multiple time delays on bifurcation
of fractional-order neural networks.
Applied Mathematics and Computation.
2019;361:565-582.

[26] El-Dessoky MM, Yassen MT, Aly ES.
Bifurcation analysis and chaos control
in shimizumorioka chaotic system with
delayed feedback. Applied Mathematics
and Computation. 2014;243:283-297.

[27] Jiuli Yin, Jing Huang, Xinghua Fan.
Influence of external parameters on the
dynamic behavior of resource-economic-
pollution system. Journal of Energy
Research and Reviews. 2019;3:1-13.

[28] Xiuling Li, Junjie Wei. On the zeros of a
fourth degree exponential polynomial with
applications to a neural network model
with delays. Chaos, Solitons & Fractals.
2005;26(2):519-526.

[29] Wang JK, Khonsari MM. Application of hopf
bifurcation theory to rotor-bearing systems
with consideration of turbulent effects.
Tribology International. 2006;39(7):701-714.

—————————————————————————————————————————————————–
c⃝2019 Fan et al.; This is an Open Access article distributed under the terms of the Creative Commons Attribution

License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution and reproduction
in any medium, provided the original work is properly cited.

Peer-review history:
The peer review history for this paper can be accessed here:

http://www.sdiarticle4.com/review-history/51876

9

http://creativecommons.org/licenses/by/2.0

	INTRODUCTION
	ESTABLISHMENT OF THE   MODEL
	DYNAMIC ANALYSIS OF THE MODEL
	CONCLUSIONS

